
COMPLEX VARIABLES HOMEWORK DUE RIGHT AFTER THE SPRING

BREAK

1. Analytic Continuation

(1) Consider the function of real variable given by

f(x) =


e−1/x2

= exp(−1/x2) if x > 0

0 if x ≤ 0.

(a) Graph the function, paying particular attention to what happens at x = 0. Is this function
continuous at 0?

(b) Find the derivative of this function, paying particular attention to what happens at x = 0.
Is the function f differentiable at 0? If so, what is its derivative?

(c) Repeat the last question for higher derivatives of f at x = 0, as long as you think they
exist.

(d) Based on the answers your presented above, please address the Taylor Series for f centered
at x = 0. If the series exists, assemble it and address the radius of convergence.

(e) Is f infinitely differentiable? (Meaning: does f have all the derivatives of all orders?)

(f) If f analytic?

(g) What is the point of this problem?

(2) (a) Find the Taylor series for the function Log(z) centered at z0 = −2 + i.

(b) Find the radius / disk of convergence of the resulting series.

(c) In which portion(s) of the disk of convergence is the sum of the Taylor series equal to
Log(z)?

(d) What is the sum of the Taylor series equal to in the remaining portion(s) of the disk of
convergence?

(e) Is the Taylor series you found in part (a) of this problem convergent at z = −2− i? If so,
what is the sum of the series equal to for z = −2− i?

(3) Let

∞

n=0

an (z − z0)
n be the Taylor series expansion of the function P.V z

1
2 at z0 = −1− i. (You

are not expected to find the series.)

(a) What is the radius / disk of convergence of the series?

(b) In which portion(s) of the disk of convergence is the sum of the series equal to P.V z
1
2 ?
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(c) What is the sum of the Taylor series equal to in the remaining portion(s) of the disk of
convergence?

(d) Is the Taylor series you found in part (a) of this problem convergent at z = −1? If so, what
is the sum of the series equal to for z = −1?

2. Laurent Series

(1) Locate the singularities of the following functions and classify then as removable singularities,
poles or essential singularities.

(a) f(z) = 1
z2(z−2)

;

(b) f(z) = 1
z(z2−1)2

;

(c) f(z) = 1
(z2+2z−3)(z2−1)2

;

(d) f(z) = cos(z)
z2

;

(e) f(z) = sin(1z ).

(2) For each of the functions from the previous problem determine the first several (three? four?
see what is meaningful... ) terms of the relevant Laurent series, and determine their domain of
convergence.


