
OPEN AND CLOSED SUBSETS

Some of the most basic notions in metric spaces are those of open and closed balls.

Definition. Let (M,d) be a metric space. By an open ball of radius r with center at x0 ∈M
we mean the set

B(x0; r) :=
{
x ∈M

∣∣ d(x, x0) < r
}
.

By a closed ball of radius r with center at x0 ∈M we mean the set

B̄(x0, r) :=
{
x ∈M

∣∣ d(x, x0) ≤ r
}
.

Examples.

(1) In R3 (with the standard distance function) the open ball of radius r with center at
P (x0, y0, z0) is literally the open ball:

(x− x0)2 + (y − y0)2 + (z − z0)2 < r2.

The closed ball includes the open ball and the sphere of radius r:

(x− x0)2 + (y − y0)2 + (z − z0)2 ≤ r2.

(2) In R2 (with the standard distance function) the open balls are actually open disks and the
closed balls include the open balls and the circles on their “boundaries”. Note that in the
context of metric spaces we do not use the word “disk” but the word “ball” even though in
the every-day language “balls” refer to objects in R3.

(3) In R (with the standard distance function) the open ball of radius r with center at a is the
open interval (a−r, a+r). The corresponding closed ball is the closed interval [a−r, a+r].

Based upon the notion of open balls we have the notion of an open set (in a metric space).

Definition. Let (M,d) be a metric space. A subset U ⊆ M is said to be open if and only if for
every point x0 of U there is a neighborhood of x0 consisting of an open ball centered at x0 which is
completely contained in U :

∀x0 ∈ U , ∃δx0 > 0, B(x0; δx0) ⊆ U .

Remark. Recall that proving B(x0; δx0) ⊆ U boils down to taking arbitrary y ∈ B(x0; δx0) and
showing that y ∈ U .

Examples.

(1) “Open” intervals in R are open, in the technical sense of the word. Here we prove the claim
for intervals of the form (a, b) with a, b ∈ R; the rest (intervals of the form (−∞, a) and/or
(a,+∞)) are left for homework.
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(2) In general, “open” balls in metric spaces are open in the technical sense of the word.
Consider an open ball B(x0; r) in a metric space (M,d). To show that it is open we
need to show that for all x ∈ B(x0; r) there is some δx > 0 with B(x; δx) ⊆ B(x0; r).
Let x ∈ B(x0; r); by the definition of open balls this means that d(x, x0) < r. Consider
δx = r − d(x, x0) > 0. If y ∈ B(x; δx) then d(y, x) < δx = r − d(x, x0). It follows that

d(y, x0) ≤ d(y, x) + d(x, x0) < r − d(x, x0) + d(x, x0) = r.

In other words, we have y ∈ B(x0; r) and B(x; δx) ⊆ B(x0; r). This means that B(x0; r) is
open.

(3) The interval (a, b] is not open. To show this we need to show the logical opposite of the
definition of open sets, that is:

(∃x0 ∈ (a, b]) (∀δ > 0) (∃y ∈ B(x0; δ)) y 6∈ (a, b].

Consider x0 = b. For a given δ > 0 let y = x0+(x0+δ)
2 = x0 + δ

2 . By construction y ∈ B(x0, δ)
and y 6∈ (a, b], proving that (a, b] is not open. To summarize, no open ball with center at b
is completely contained in (a, b] and so (a, b] is not open.

We now introduce the notion of a closed set. Note that the properties “closed” and “open” are not
logical opposites of each other!!

Definition. Let (M,d) be a metric space. A subset F ⊆ M is said to be closed if and only if its
complement

M r F

is open.

Notational Remark. If you have taken Discrete at LC, you have probably used F̄ to denote
the complement of F . Other common notations for the complement are FC and CF . Since F̄ in
topology and analysis has a meaning other than the complement of F (it refers to the closure of
F ), we should not use F̄ for the complement of F . I propose that we use FC :

M r F = FC .

So, F ⊆M is closed if and only if FC is open. To get a better feeling for the notion of “closed” we
go over some examples.

(1) A set consisting of a single point {a} ⊆ R is closed in R. Indeed, its complement:

{a}C = (−∞, a) ∪ (a,+∞)

is open due to arguments analogous to those of yesterday’s homework assignment.

(2) The “closed” interval [a, b] is closed in R in the technical sense of the word. This follows
from the fact that the complement of this set

[a, b]C = (−∞, a) ∪ (b,+∞)

is open due to arguments analogous to those of yesterday’s homework assignment.

(3) The interval (a, b] is neither open nor closed. We have shown the last time that this
interval is not open. To see that it is not closed consider its complement:

(a, b]C = (−∞, a] ∪ (b,+∞).

This set is not open because no ball B(a; δ) is contained completely in (−∞, a] ∪ (b,+∞).
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(4) A line in R2 is closed, because its complement in R2 is a union of two half-planes and open
due to .... your homework assignment!!

(5) “Closed” balls in metric spaces are closed. I am leaving that for your homework!

Now that we have covered several examples of open and closed sets we move on and cover some
important theorems about open and closed sets.

Properties of Open Sets. Let (M,d) be a metric space.

(1) The sets ∅ and M are open in M .
(2) If Uλ for λ ∈ Λ is some collection of open sets in M then their union⋃

λ∈Λ

Uλ =
{
x ∈M

∣∣ there is some λ ∈ Λ with x ∈ Uλ
}

is also open in M .
(3) If U1 and U2 are two open sets in M so is their intersection1 U1 ∩ U2.

Proof. The first claim follows immediately from the definition of open sets (in the case of U = ∅
there are no points x0 ∈ U so there is nothing that can “go wrong” in verifying that ∅ is open).
Now let {Uλ

∣∣ λ ∈ Λ} be a family of open sets. To show that
⋃
λ∈Λ Uλ is open consider some

x ∈
⋃
λ∈Λ Uλ; then x ∈ Uλ for some λ ∈ Λ. Since Uλ is open there is some δx > 0 such that

B(x; δx) ⊆ Uλ.
Then in particular B(x; δx) ⊆

⋃
λ∈Λ Uλ. It follows that

⋃
λ∈Λ Uλ is open. Finally, let U1 and U2

be two open sets and consider some x ∈ U1 ∩ U2. Since x ∈ U1 and since U1 is open there is some
δx,1 > 0 with B(x; δx,1) ⊆ U1. Likewise, there is some δx,2 > 0 such that B(x; δx,2) ⊆ U2. Let
δx = min{δx,1, δx,2}. We have δx > 0 with

B(x; δx) ⊆ B(x; δx,1) ⊆ U1 and B(x; δx) ⊆ B(x; δx,1) ⊆ U2.

Overall, we have B(x; δx) ⊆ U1 ∩ U2 and so the set U1 ∩ U2 must be open. �

Remark. The intersection property for open sets can be extended to any finite family of open
sets: if U1,U2, ...,Un are open in M so is their intersection

U1 ∩ U2 ∩ ... ∩ Un;

this is easily provable by induction. However, this property does not extend to infinite families as
evidenced by the example: ⋂

n∈N

(
− 1

n
,

1

n

)
= {0}.

The set {0} is not open because no open ball B(0; δ) is contained in {0}.

Another Remark. This theorem allows us to conclude that a certain set is open if we know
that its “building blocks” are open. For example, on the last homework assignment you have
shown that the intervals (−∞, a) and (b,+∞) are open. It follows from the previous theorem that
(−∞, a)∪(b,+∞) is also open. Likewise, the “first quadrant” in the plane without the axes is open.
Indeed, the “first quadrant” is the intersection of the upper half-plane and the “right” half-plane,
and as an intersection of two open sets it is itself open.

It is also important to note the following.

1In general, the intersection of a family/collection Uλ is
⋂

λ∈Λ Uλ =
{
x ∈M

∣∣ x ∈ Uλ for all λ ∈ Λ
}



4 OPEN AND CLOSED SUBSETS

Theorem. Let (M,d) be a metric space. A subset U ⊆ M is open if and only if it is a union of
open balls.

Proof. Let U ⊆M be an open set. For each x ∈ U there is an open ball B(x; δx) with

B(x; δx) ⊆ U .
Hence

⋃
x∈U B(x; δx) ⊆ U . On the other hand x ∈ B(x; δx) implies U ⊆

⋃
x∈U B(x; δx). Therefore,

U =
⋃
x∈U B(x; δx), and our open set is a union of open balls. Conversely, a union of open balls is

always open - due to the previous theorem and the fact that open balls are themselves open. �

Homework

(1) Consider the set M = {1, 3, 4}, and the distance function described by

d(1, 3) = d(3, 1) = 2 d(1, 4) = d(4, 1) = 3 d(3, 4) = d(4, 3) = 1,

d(1, 1) = d(3, 3) = d(4, 4) = 0.

It can easily be shown that (M,d) is a metric space. (Don’t spend your mental energy on
that.) Describe the following sets:
(a) B(1; 2)
(b) B̄(1; 2)
(c) B(3; 2).

Further, show that the sets {1}, {3} and {4} are open and that the set {1, 3} is closed.

(2) Use pictures to show that the upper half-plane (in R2 characterized by y > 0) is open.
Don’t stress out about the formal proof – I want to see that you understood the picture
and that you understood what δ(x0,y0) would be for a given (x0, y0) in the upper half-plane.

(3) Show that the set of irrational numbers in R is not open.

(4) Let f : R→ R be a continuous function. Show that the set {x ∈ R | f(x) > 0} is open in
R.

(5) Let (M,d) be a metric space and let P ∈M . Show that {P} is closed.

(6) Show that closed balls in a metric space are closed.

(7) Show that Z ⊆ R is closed. (Do yourself a favor and use a theorem from class.)

(8) Use DeMorgan’s laws to state the equivalent version of the theorem we refer to as the
Properties of Open Sets for closed sets.


