
HOMEWORK FOR IVA’S NUMBER THEORY CLASS

1. Well-Ordering Principle

The Principle as stated in class:

Every non-empty subset S of natural numbers has a minimal element a:

∃a ∈ S, ∀b ∈ S, a ≤ b.

The purpose of the next several problems is to give you exposure to foundational work
in mathematics.

(1) Let S ⊆ Z be non-empty and bounded from bellow, by which I mean the existence
of some k ∈ Z such that every b ∈ S satisfies k ≤ b. Show that S has a minimal
element.

(2) Let S ⊆ Z be non-empty and bounded from above, by which I mean the existence
of some k ∈ Z such that every b ∈ S satisfies b ≤ k. Show that S has a maximal
element a:

∃a ∈ S,∀b ∈ S, b ≤ a.

(3) The following statement is called the Principle of Strong Mathematical Induction.

Let S ⊆ Z be such that:

(a) For some integer k0 and a non-negative integer m we have

k0, k0 + 1, ..., k0 + m ∈ S.

(b) If k ≥ k0 + m is an integer such that {i ∈ Z
∣∣ k0 ≤ i ≤ k} ⊆ S, then

k + 1 ∈ S.

Then S ⊇ {i ∈ Z
∣∣k0 ≤ i}.

Prove the Principle of Strong Mathematical Induction. You are expected to rely
on well-ordering principles of sorts.

2. Review of Induction

The purpose of the following several problems is to make you review induction, and give
you exposure to using Strong Induction (if that hasn’t happened already).

(1) Use induction to prove that 7n + 5 is divisible by 6 for all non-negative integers n.
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(2) Use mathematical induction to prove

2n ≥ n2

for all n ≥ 4.

(3) Let an be the following recursively defined sequence:
a0 = 2

a1 = 3

an+2 = 3an+1 − 2an for n ≥ 0.

Use the strong induction to prove an = 2n + 1 for all n ≥ 0.

3. The Greatest Common Divisor

Here is the theorem we addressed in class. If you need to refer to it, refer to it as the
GCD Theorem.

Let a and b be integers with a 6= 0 or b 6= 0. Then there exist integers x and
y such that

GCD(a, b) = ax + by.

The purpose of the following problems is in having you practice using the GCD theorem.

(1) Use the GCD theorem to prove the following. All variables involved represent
(non-zero) integers.

(a) If GCD(a, b) = 1 and GCD(a, c) = 1 then GCD(a, bc) = 1.

(b) If GCD(a, b) = 1 and if c
∣∣a + b then

GCD(a, c) = 1 and GCD(b, c) = 1.

(c) If a
∣∣bc then a

∣∣GCD(a, b)GCD(a, c).

(2) Deduce, as a corollary to the first part of the previous problem, that GCD(a, b) = 1
implies GCD(a2, b2) = 1.

4. Linear Diophantine Equations

The following two problems date from the 9th century India, and from 14th century
China, respectively. For both problems: first translate the problems into a Diophantine
equation and then solve the Diophantine equation using the methods discussed in class and
/ or Krussel’s book. Please find all solutions.

(1) There are 63 equal piles of fruit. After adding 7 single pieces of fruit, the fruit can
be evenly divided among 23 travelers. What is the number of fruit in each pile?



HOMEWORK FOR IVA’S NUMBER THEORY CLASS 3

(2) There is an unknown number of coins. If you make 77 strings of coins, you are 50
coins short. If you make 78 strings, it is exact. How many coins are there? (It is
assumed that all strings of coins contain an equal number of coins.)

5. Irreducible vs prime

In class we discussed two different approaches to primes; the two approaches are reflected
in the following two definitions.

Definition 1. A positive integer p > 1 is said to be irreducible if it cannot be
expressed as a product of two integers greater than 1.

Definition 2. A positive integer p > 1 is said to be prime if for all integers a, b ∈ Z
the fact that p

∣∣ab implies p
∣∣a or p

∣∣b.
The purpose of the following two problems is in making you use the features of prime

numbers captured by Definition 2.

(1) Review the arguments presented in class to show that an integer is irreducible if
and only if it is prime. Present a self-contained proof.

(2) (a) Let p be a prime, and let a, n ∈ N. Show that p
∣∣a if and only if pn

∣∣an.

(b) Suppose GCD(a, b) = p for a prime number p. What are the possible values
of GCD(a2, b), GCD(a, b2), GCD(a2, b2)?

(3) Let p1, p2, ..., pn be distinct primes. Show that

1

p1
+

1

p2
+ ... +

1

pn
is not an integer.

6. Infinitude of Primes

(1) Give another proof of the infinitude of primes by assuming that there are only
finitely many primes, say p1, p2, ..., pn and by using the following integer to arrive
at a contradiction:

N = p2p3...pn + p1p3...pn + p1p2...pn−1.

(2) Prove that there are infinitely many primes of the form 4k + 3, by assuming that
there are only finitely many such primes, p1, p2, ..., pn, and by using the following
integer to arrive at a contradiction:

N = 4p1p2...pn − 1.


