
IVA’S DISCRETE FINAL

1. INDUCTION. The (basic) Triangle Inequality states that

|a+ b| ≤ |a|+ |b|

for all numbers (and sometimes even vectors) a, b. Use mathematical induction to show the following,
more general version of the Triangle Inequality:

|a1 + a2 + ...+ an| ≤ |a1|+ |a2|+ ...+ |an| for all a1, a2, ..., an.

2. NUMBER THEORY. The equation a3 + 2a = 2 has exactly one solution a ∈ R. Show that a is
irrational.

3. LOGIC. Negate the statement

∀ε > 0, ∃δ > 0, ∀(x, a) ∈ R2, |x− a| < δ −→ |f(x)− f(a)| < ε.

Feel free to assume that f : R→ R is some function which is clear from context.

4. SET THEORY. Let A ⊆ B. Use the method of element chasing to show that P(A) ⊆ P(B).

5. RELATIONS. Consider the relation ∼ on R2 given by the following:

(x, y) ∼ (z, w)⇐⇒ ∃n ∈ Z, (z, w) = ((−1)nx, y + n).

Show that ∼ is an equivalence relation.

6. FUNCTIONS. Consider the function F : Z2 → Z2 given by

F (x, y) = (x− y, x+ y).

(a) Is the function F one-to-one? Prove your claim.

(b) Is the function F onto? Prove your claim.

7. COMBINATORICS. Let A and B be two disjoint finite sets of cardinality |A| = n and |B| = m.

(a) How many functions f : A→ B are there?

(b) How many functions f : {1, 2} → A ∪B are there?

(c) How many functions f : {1, 2} → A ∪B are there for which f(1) ∈ A and f(2) ∈ B?

8. GRAPH THEORY. Let G be a connected planar simple graph in which every vertex has degree
5. Show that G has at least 12 vertices.

9. CARDINALITY EXTRA CREDIT. Show that there exists no surjection from N onto the open
interval (0, 1).
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