
DISCRETE MATHEMATICS EXAM 2, 11/17/15

1. FORMAL LOGIC. Re-write the following logical statement using only the symbols
¬,∧,∨. Then use the rules of Boolean algebra to simplify the statement as far as
possible.

r −→ [(p ∧ q) −→ (p ∧ r)] .

2. QUANTIFIERS. Are the following statements true or false? If you claim a state-
ment is true then prove it; if you claim a statement is false then negate the statement
and prove the negation.

(a) ∀n ∈ N, ∃q1, q2 ∈ Q, n < q1 < q2 < n + 1.

(b) ∀n ∈ Z, ∃q ∈ Q, q2 < n.

3. SET THEORY. Let A and B be two sets of cardinalities n and m, respectively.
Furthermore, assume that B ⊆ A.

(a) What are the cardinalities of the following sets? You do not need to formally
prove your claims.

ArB, P(A), P(B), P(ArB), P(A) r P(B).

(b) Use element chasing to show that P(ArB) ⊆ P(A) r P(B).

4. RELATIONS. Let B ⊆ A be non-empty sets, and let ∼ be a relation on P(A)
defined by

S1 ∼ S2 ←→ S1 ∩B = S2 ∩B.

(a) Is it true that A ∼ B? Briefly explain why.

(b) Show that ∼ is an equivalence relation.

(c) Extra Credit: Prove that the equivalence class [∅] is equal to P(ArB).

5. FUNCTIONS. Let f : Z→ Z be a bijection. The only other things known about f
are that:

f(−1) = −3, f(0) = 3, f(1) = 0.

Define the function g : Z→ Z by

g(n) = f(1− n).

(a) Find g(0) and g(1).

(b) Find at least one element of the set g−1(3).

(c) Prove that g is a bijection.

6. CARDINALITY EXTRA CREDIT QUESTION.

(a) Define the term countable set, and give at least five examples of countable sets.

(b) Show that the union of two countable sets is countable.
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