
COMPLEX VARIABLES: FIRST ROUND OF INTRODUCTION TO

(INTEGRAL) TRANSFORMS

BY IVA

Time for a paradigm shift! Here is a new take on the whole power series / Taylor Theorem thing....

To a sequence of complex numbers {an}n≥0 we can associate a function

f(z) =

∞∑
n=0

anz
n.

Typically, f(z) is a holomorphic function defined on some disk centered at the origin. Note the big
picture here: sense we are converting (or transforming, pun intended!) a sequence {an}n≥0 into a
function f(z) =

∑
anz

n. Conversely, Taylor Theorem tells us that all holomorphic functions are
(locally, at least) given as the sum of power series. In other words, all holomorphic functions f(z)
can be associated a sequence of numbers {an}n≥0.

The idea that a function can be associated a sequence, which in turn uniquely determines the
function, is a first glimpse at something we call transforms.

FUNCTIONS ←→ SEQUENCE, or SEQUENCE ←→ FUNCTIONS

The words “function” and “sequence” really ought to be quantified. (What kind of function? What
kind of sequence?) Based on the stuff we’ve done in class so far we can say more.

The radius of convergence of the series
∑∞

n=0 anz
n is in practice most often found by using the

Ratio Test. To be honest, there are (pathological, really) examples of power series where the limit
involved in the Ratio Test does not exist. In that case one needs to resort to the so-called Root
Test. It is not pretty but using the Root Test one can show that the radius of convergence R is
(always!) related to the coefficients {an}n≥0 as in

R =
1

lim supn→∞
n
√
|an|

.

(If you need an extra example to convince you that the ratio test gives the same value as the
formula from above, try something simple like

∑
(12)nzn.)
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The point is this: R is related to rate of growth of {|an|}. The bigger the growth of |an|, the
smaller the R. In view of the Taylor Theorem this means that we have a correspondence between
holomorphic functions f(z) defined on a disk of radius R centered at the origin on one hand and,
on the other hand, sequences {an}n≥0 of complex numbers whose growth as n→∞ is in some way
constrained by R.

If you think about it, the same kind of a thing happens for Laurent series. Functions
∞∑

n=−∞
anz

n, that is, functions f(z) defined on annular regions r < |z| < R correspond to sequences

{an}n=∞n=−∞ where the growth of {|an|} as n→ +∞ is constrained by R and the growth of {|an|} as
n→ −∞ is constrained by r.

The basic idea of these kinds of transforms is that instead of studying a function we can study its
corresponding sequence, or vice versa: instead of studying a sequence we can study the associated
function. (The former is used throughout the world of differential equations, the latter is the basic
idea of analytic number theory, analytic combinatorics, etc.)

A very important and celebrated example of a transform has to do with something many of you
have dealt under the name Fourier coefficients.

Let f(ξ) be an analytic 2π-periodic function (i.e let f(ξ) = f(ξ+ 2π)) defined on a horizontal strip.
This periodicity invites the change of variable z = exp(iξ), which in turn gives a “new” function
whose rule is g(z) = f(ξ). If the domain of f(ξ) is c1 < Im(ξ) < c2 then the domain for g(z) is
given by e−c2 < |z| < e−c1 . As g in this regime is itself holomorphic function defined on an annular
region, we have the Laurent series expansion

g(z) =
∑

anz
n where an =

1

2πi

∫
C

g(z)

zn+1
dz.

Since dz = i exp(iξ) dξ, switching back to the ξ variable gives us:

f(ξ) =
∑

an exp(inξ) and an =
1

2π

∫ π+ic

−π+ic
f(ξ) exp(−inξ) dξ,

where c is any value between c1 and c2. Overall, we have the following pairings:

2π-periodic functions f(ξ) defined on c1 < Im(ξ) < c2

l
sequences {an}n=∞n=−∞ whose growth as n→ ±∞ has to do with values of c1 and c2.

The formulas describing these pairings are:
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f(ξ) 7→ an =
1

2π

∫ π+ic

−π+ic
f(ξ) exp(−inξ) dξ

{an}n=∞n=−∞ 7→ f(ξ) =
∑

an exp(inξ).

or

f(ξ) 7→ an =

∫ π+ic

−π+ic
f(ξ) exp(−inξ) dξ

{an}n=∞n=−∞ 7→ f(ξ) =
1

2π

∑
an exp(inξ).

The difference between the two sets of boxed formulas in superficial: sometimes it is advantageous
to keep the multiplicative factor of 1

2π with the integral while other times it is advantageous to keep
it with the (Fourier) sum.

The intuitive understanding of the above has to do with decompositions of functions into sums
(superpositions) of waves / oscillations. In so far as exp(inξ) relate to oscillations of frequency n,
an is to be viewed as the amplitude of the oscillations of frequency n. This draws our attention
to the function a which to a frequency n associates the amplitude a(n) = an corresponding to the
oscillation exp(inξ) of frequency n.

There is nothing magical about period 2π – the same ideas as the ones presented above apply to
functions which are 2L periodic. The relevant formulas are given below, and should be worked out
for homework.

f(ξ) −→ an =

∫ L+ic

−L+ic
f(ξ) exp

(
−inπ

L
ξ
)
dξ

{an}n=∞n=−∞ −→ f(ξ) =
1

2L

∑
an exp

(
i
nπ

L
ξ
)
.

Once again, we are thinking of an as being amplitudes of oscillations. In this case the oscillations
have frequencies

ωn = n
π

L
.

From this standpoint it is worthwhile to think of a as a function of frequency ωn given by the rule:

a(ωn) = an.

Also worthy of notice is the fact that for large L the frequencies get closer to each other; namely
the difference between two consecutive frequencies is

∆ω =
π

L
.

Loosely speaking, functions which are not periodic can be viewed as functions which only one
period: lasting from −∞ to ∞. In other words, functions which are not periodic can be dealt with
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by applying the limit at L→∞ to the above. To this end consider the formula

f(ξ) =
1

2L

∑
an exp

(
i
nπ

L
ξ
)

=
1

2π

∑
a(ωn) exp(iωnξ)∆ω.

Structurally, the last expression resembles a Riemann sum for the function a(ω) exp(iωξ) on the
entire real line −∞ < ω < ∞; furthermore, as L → ∞ we have ∆ω → 0. This motivates the
representation formula

f(ξ) =
1

2π

∫ ∞
−∞

a(ω) exp(iωξ) dω.

(The complete, rigorous proof of this and related facts is too advanced for now.) As above we
get to think of a(ω) as a function which to frequency ω associates the amplitude of the oscillation
exp(iωξ). The difference here is that the set of frequencies ω is continuous and so the summation∑n=∞

n=−∞ has to be replaced with integration
∫ ω=+∞
ω=−∞ . Finally, substitution of n with ω in the formula

for an on the top of this page gives:

a(ω) =

∫ ∞+ic

−∞+ic
f(ξ) exp(−iωξ) dξ.

What you are seeing here is the next example of transforms: transforms that to a function a of real
variable ω (i.e a function of the frequency space) associates a function f(ξ) of complex variable (i.e
a function on the physical space).

f(ξ)←→ a(ω) or a(ω)←→ f(ξ).

This is an example of an integral transforms.

Integral transforms are used heavily in differential equations, and here is why. Taking the derivative
with respect to ξ of the equation for f(ξ) given above (modulo some analysis-ie justification)

f ′(ξ) =
1

2π

∫ ∞
−∞

iωa(ω) exp(iωξ) dω.

So, we have the following correspondences:

f(ξ)↔ a(ω) means f ′(ξ)↔ iωa(ω) means f ′′(ξ)↔ −ω2a(ω) etc.

In effect, this means that applying the Fourier transform to a differential equation produces an
algebraic equation. For example, when studying oscillations we often deal with the equations such
as

f ′′ + f = g.

(Here f is understood as the displacement from the “natural state” of the oscillator and g is
understood as an external driving force for the oscillator.) After applying the Fourier transform
the differential equation becomes

−ω2a(ω) + a(ω) = b(ω),
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where b(ω) is the Fourier transform of g(ξ). Thus, a(ω) = b(ω)
1−ω2 . To recover f(ξ) all we need to do

is apply the Fourier Inversion formula to b(ω)
1−ω2 :

f(ξ) =
1

2π

∫ ∞
−∞

b(ω)

1− ω2
exp(iωξ) dω.

And guess what: one needs to use the calculus of residues for that.....

To be entirely honest, I did cheat here. Everyone who has taken the differential equations class
knows that initial value problems have unique solutions, not differential equations per se. (The
procedure outlined above detects solutions with a particular behavior at ±∞.)

To incorporate initial conditions people use so-called one sided integral transforms. And that is
exactly what we are going to do in class in a week or so. But first: let us learn how to use residue
theory for computations of inverse transforms!


