
MELLIN TRANSFORM AND THE GAMMA FUNCTION

BY IVA

We encountered the 2-sided Laplace Transform

f(t) −→ F (s) =

∫ t=∞

t=−∞
f(t)e−st dt

and its inverse

F (s) −→ f(t) =
1

2πi

∫ c+i∞

c−i∞
F (s)ets ds.

Here implicitly f(t) is a function of real variable −∞ < t <∞, and F (s) is a holomorphic function
of complex variable defined on the vertical strip c1 < Re(s) < c2 and c1 < c < c2. (Here one or
both of c1 and c2 could be infinite.) (Also, it may be the case that F (s) can be analytically extended
past the strip of convergence.)

We are about to investigate a version of this transform called the Mellin Transform. The Mellin
Transform is basically the Laplace transform with the change of variable t = − ln(u) i.e u = e−t.
Thus here we start with the function g(u) of the real variable u > 0. (Loosely speaking, think that
g(u) = f(− ln(u)).) Placing this substitution into the integral defining the Laplace transform gives
us

g(u) −→ G(s) =

∫ u=∞

u=0
g(u)us duu .

The latter is once again a holomorphic function of complex variable defined on a vertical strip.
One of the questions arising here is what kind of a branch is assumed when talking about us; any
reference to complex powers is to be understood in terms of principal values. The inverse transform
is given by

G(s) −→ g(u) =
1

2πi

∫ c+i∞

c−i∞
G(s)u−s ds.

This particular formula for g(u) is sometimes referred to as the Mellin Inversion.

The prime example of using the Mellin Transform is the Gamma function. Here we start with
g(u) = e−u and get ∫ u=∞

u=0
e−uus duu =

∫ u=∞

u=0
us−1e−u du.

I deliberately avoided writing G(s) for the latter because the traditional notation is Γ(s): the
Gamma function. Why care? Let’s look at some explicit values.

(1) Γ(1) =
∫ u=∞
u=0 e−u du = 1; this is just the most basic integration.
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(2) Γ(2) =
∫ u=∞
u=0 ue−u du = −ue−u

∣∣u=∞
u=0

+
∫ u=∞
u=0 e−u du = 1; the latter required a little bit of

integration by parts.

(3) For more general values of integer n we would compute Γ(n) by using several integrations
by parts back to back. So, in principle:

Γ(n) =

∫ u=∞

u=0
un−1e−u du

=− un−1e−u
∣∣u=∞
u=0

+ (n− 1)

∫ u=∞

u=0
un−2e−u du = (n− 1)Γ(n− 1).

This means that Γ(3) = 2Γ(2) = 2 while Γ(4) = 3Γ(3) = 6 and Γ(5) = 4Γ(4) = 24. After a
little bit of thinking (a.k.a mathematical induction) we get that

Γ(n) = (n− 1)!

for all positive integers n ≥ 1.

Here is the point: Gamma Function is like a factorial. Somehow. It is a holomorphic function of
sorts which somehow extends the factorial. Let’s think more. For what kind of s is Γ(s) defined?
That is, for what kind of s does the integral∫ u=∞

u=0
us−1e−u du

converge? (Note: just because I may not be able to gracefully find the value of the relevant integral,
that doesn’t mean the value does not exist.) To get the integral to converge we need us−1e−u to
not be very big at u = ∞ and not be very big at u = 0. Let’s see if we can estimate us−1e−u.
(Think M .)

The key here will be the observation that for s = σ + it we have

|us−1| = | exp((s− 1) ln(u))| = | exp((σ − 1) ln(u) + it ln(u))| = exp((σ − 1) ln(u)) = uσ−1.

Thus in general we have

|us−1e−u| ≤ uσ−1e−u ≤ uσ−1.

To understand the convergence of Γ(s) we split it into two integrals:

Γ(s) =

∫ u=1

u=0
us−1e−u du+

∫ u=1

u=0
us−1e−u du.

(1) To bound
∫ u=1
u=0 u

s−1e−u du we use |us−1e−u| ≤ uσ−1. So long as σ > 0 the integral of the

latter converges to 1
σ . In particular, the integral of

∫ u=1
u=0 u

s−1e−u du converges so long as
σ = Re(s) > 0.

(2) To bound
∫ u=∞
u=1 us−1e−u du we use |us−1e−u| ≤ uσ−1e−u < un−1e−u, where n is any in-

teger with n > σ. The integral of the latter is simply Γ(n). In particular, the integral∫ u=∞
u=1 us−1e−u du converges regardless of s.
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At this point it should be clear that at the very least the function Γ(s) should be defined on
Re(s) > 0. Does it extend “further to the left”? Maybe. Certainly, Γ(0) is problematic as

u−1e−u ≥ e−1

u and the integral∫ u=∞

u=0
u−1e−u du ≥ e−1

∫ u=1

u=0

du

u
=∞

diverges. On the other hand, the same integration by parts argument which gave us the identity
Γ(n) = (n− 1)Γ(n− 1) also gives us

Γ(s) = (s− 1)Γ(s− 1), so long as Re(s) > 0.

Here is a clever thought! Could we not use this last identity to define what Γ(s− 1) is in terms of
Γ(s)? So something like this:

Γ(s− 1) =
Γ(s)

s− 1
.

Sure, this does not make sense if s = 1. But for all other values of s with Re(s) > 0 the right hand
side is well-defined. (Even though we may not have any graceful way of actually computing it.) For
example, s = 1 + i has positive real part and thus the integral defining Γ(1 + i) converges. (Don’t
ask me what value it converges to.) Whatever the value of Γ(1 + i) is, why don’t we define Γ(i) as

Γ(1 + i)

i
.

Exactly: why don’t we? This line of logic brings us to a way to extending Γ(s) to a function of
complex variable s 6= 0 located in the strip Re(s) > −1. It may sound suspect, but the relationship

Γ(s) =
Γ(s+ 1)

s

does define a function which is holomorphic everywhere where Γ(s + 1) is (so everywhere where
Re(s) > −1) except at s = 0. Plus, we know that is a holomorphic extension exists it is the only
holomorphic extension.

Furthermore, since Γ(s + 1) is holomorphic near s = 0 and since Γ(1) = 1 we now even know the

Laurent expansion of Γ(s+1)
s at s = 0:

Γ(s) =
Γ(s+ 1)

s
= 1

s + stuff.

In particular, Γ(s) has a pole of order 1 at s = 0 and its residue is 1.

That was kind of fun! I hope... fun enough to do it again! The identity Γ(s) = Γ(s+1)
s = Γ(s+2)

s(s+1)

now lets us extend the meaning of Γ(s) even further to the left; we get Γ(s) to be defined on

Re(s) > −2,



4 BY IVA

except at s = 0 and s = −1. The same argument as above shows us that s = −1 is a pole of Γ(s)
of order 1 and the residue is

Γ(s+ 2)

s

∣∣∣
s=−1

= −1.

More generally, the relationship

Γ(s) =
Γ(s+ n)

s(s+ 1)(s+ 2)...(s+ n− 1)

extends the definition of Γ(s) to Re(s) > −n with exception at poles of order 1 located at 0, −1,
−2, ..., −(n − 1). Doing this for every n finally gives the extension of Γ(s) to the entire complex
plane without 0, −1, −2, ... All of these singularities are poles of order 1 and the residue at −n is

Γ(s+ n+ 1)

s(s+ 1)(s+ 2)...(s+ n− 1)

∣∣∣
s=−n

=
(−1)n

n!
.

Although we may be inclined to think that – being a factorial of sorts – the value of Γ(s) “grows
to infinity” as |s| → ∞, that’s kind of wrong. In a nutshell, the reason for this is that for values
of s with Re(s) a large negative number the size of the denominator grows factorially while the
numinator stays bounded. As a result, Γ(s) for the values of s “very far to the left” are very small.
Similar situation applies to values s where Re(s) is merely bounded but Im(s) is very large and
positive, or very large and negative. So, the intuition should be that as we go further and further
into the left half-plane the value of Γ(s) becomes smaller and smaller. The only exception to this
happens at poles located at 0, −1, −2, ... In other words, the mental image we should have for
the (modulus of the) Gamma function in the left half-plane is something flat looking with a whole
bunch of spikes at non-positive integer values. Check it out on Mathematica or something.

Another thing worthy of noticing is that Γ(s) 6= 0 for all s. This is basically a consequence of the
identity

Γ(s)Γ(1− s) =
π

sin(πs)
,

which you will be proving for homework!

One final fun thing! Let us examine how the inverse Mellin transform works from the standpoint
of our example. In other words, can we convince ourselves that the inverse Mellin transform of
Γ(s) gives us e−u. This can be answered by computing

1

2πi

∫ c+i∞

c−i∞
Γ(s)e−su ds

where c > 0 is any value. Consider the rectangular contour in the following diagram. Ultimately,
we’ll be looking at R→∞.
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σ

t

c

c+Ri

c−Ri

−R

Based on the knowledge that Γ(s) is really small deep in the left half-plane, it can be shown that
the contour integral along the three sides of the rectangular path shown in the diagram all go to
zero as R→∞. Thus, by the residue theorem we have

1

2πi

∫ c+i∞

c−i∞
Γ(s)u−s ds =

∞∑
n=0

Res[Γ(s)u−s, s = −n].

Note that since Γ(s) has the residue of (−1)n/n! at s = −n the function Γ(s)u−s expands like

Γ(s)u−s =
1

s+ n
· (−1)n

n!
un + ...

near s = −n and consequently

Res[Γ(s)u−s, s = −n] =
(−u)n

n!
.

Overall, this means that

1

2πi

∫ c+i∞

c−i∞
Γ(s)u−s ds =

∞∑
n=0

(−u)n

n!
= e−u.

If that’s not the best thing you saw all day I don’t know what is.
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Homework

(1) By definition we have

Γ(1/2) =

∫ ∞
0

u−1/2e−u du.

Use the substitution v = u2 and the knowledge that
∫∞

0 e−v
2
dv =

√
π/2 to evaluate

Γ(1/2), Γ(−1/2), Γ(3/2), Γ(−3/2), ...

(2) Extra Credit. The point of the next problem is in showing that

Γ(s)Γ(1− s) =
π

sin(πs)
.

At first one proves this identity for values of s with 0 < Re(s) < 1; one may even assume
the number s is real. Once the identity is established for the (real) values of s in the strip
0 < Re(s) < 1 the rest is taken care of analytic continuation / identity theorem ...

(a) Use the definition of Γ(s) (and the Fubini Theorem) to argue that

Γ(s)Γ(1− s) =

∫∫
D
e−(u+v)us−1v−s dA

where D denotes the first quadrant (u, v ≥ 0) and dA denotes the area element of the
uv-plane.

(b) Employ the substitution

(u, v) =

(
xy

x+ 1
,

y

x+ 1

)
, x, y ≥ 0

to convert the result of the previous problem to

Γ(s)Γ(1− s) =

∫ ∞
0

xs−1

x+ 1
dx.

(c) Use residue theory to evaluate the last integral.


