
COMPLEX VARIABLES: HOMEWORK ON THE ZETA FUNCTION

NOTE: If you need an extra day or so to do this assignment right, feel free to take these extra
couple of days. I do, however, need the assignment by the end of the day on Thursday.

(1) Let u > 0 be a real number, and let s be a complex number. Show that |us| = uRe(s). (Use
principal values if in doubt.)

(2) Show that the series ζ(s) =

∞∑
n=1

1

ns
is convergent for all complex numbers s with Re(s) > 1.

(Hint: remind yourself of absolute convergence and comparison tests.)

(3) Follow the guidelines below to explain how the zeta-function extends to a meromorphic
function of the complex plane.

(a) Define the function J(s) from class.

(b) Optional / Extra Credit. Go over the argument which shows that

ζ(s) =
J(s)

Γ(s)(1− exp(−2πis))
for Re(s) > 1.

(c) Show that

ζ(s) =
J(s)

2πi exp(−πis)
Γ(1− s) for Re(s) > 1.

(d) Explain how the above can be used to extend the domain of definition of ζ. Comment-
ing on the uniqueness of the extension would earn you some extra points.

(e) Explain the situation with the poles and the residues of the zeta function.

(4) Compute the residues

Res

[
1

exp(z)− 1
zs−1, z = 2nπi

]
for n = ±1,±2, ....

(5) Use residue theory to argue that for certain values of s we have

J(s) = ζ(1− s)(2π)s(exp(−isπ2 )− exp(−is3π2 )).

Then combine this equation with problem 3(c) to get

ζ(s) = ζ(1− s) · 2(2π)s−1 sin
(πs

2

)
Γ(1− s).

(Once you get this, stop for a moment and admire the fact that your mind just processed
one heck of a not-for-the-faint-of-hearts identity.)

(6) Read about the zeta function and the Riemann Hypothesis from the Clay Institute website
http://www.claymath.org/millenium-problems/riemann-hypothesis; you might also
find http://www.claymath.org/publications/riemanns-1859-manuscript interesting.
Report what you learned in a paragraph or two. Since LC is a liberal arts institution I
expect this to be fairly eloquent. Feel free to read about this topic elsewhere, but know
that I would prefer the response to be based on the official Clay Institute material.
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