
STUDY GUIDE FOR THE FIRST DISCRETE MATH EXAM

1. Combinatorics

• Go over combinatorics examples in the text.

• Review all the combinatorics problems from homework.

• Do at least a couple of extra problems given below.

(1) How many (positive integer) divisors does 2940 have? What about 3150?

(2) How many permutations of the English alphabet are there in which letters A and B

(a) are

(b) are not

next to each other?

(3) In how many ways can you arrange the letters of the word MATHEMATICS so that

(a) the sequence AA does not appear in the arrangement?

(b) the consonants remain in the original order?

(4) (a) In how many ways can you make a 3-people committee out of a group of 6 people?

(b) In how many ways can you make 5 different 3-people committees out of a group of 6
people?

(5) (a) How many sequences of k 0’s and n 1’s are there in which 11 does not appear?

(b) You are asked to choose 5 books from a shelf with 12 books. You are not supposed
to choose books which are next to each other on the shelf. How many choices do you
have?

(6) (a) In how many ways can you give away 12 apples and 10 pears to 4 people so that each
person gets at least one apple and one pear?

(b) In how many ways can you give away 8 apples, 9 pears and 10 peaches to 3 people so
that each person gets at least one piece of each fruit?

(7) Your family plans to have n family members at the Thanksgiving dinner and you are asked
to make the seating assignment. Assuming the big dining table is round, how many possible
seating assignments are there?
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2. Proof-writing

• Go over the proofs that
√

2 is irrational, and that there are infinitely many primes.

• Make sure you can make the precise statement of the two principles of mathematical induc-
tion (the weak and the strong principles of mathematical induction).

• Go through all the proof-writing feedback you got on your homework.

(1) Prove that
√
p, for p a prime integer, is irrational.

(2) Prove that
√
p + 1−√p, for p a prime integer, is irrational.

(3) Prove that there are infinitely many primes of the form 4k + 3.

(4) Let n > 2 be an integer. Prove that there is a prime number p strictly between n and n!:

n < p < n!.

(5) Let p1, p2, ..., pn be n distinct prime numbers. Show that

1
p1

+ 1
p2

+ ... + 1
pn

is never an integer.

(6) Integers a, b and c are the sides of a right-angled triangle. Prove that at least one of a, b
and c is divisible by 3.

(7) (a) Prove that the 4th power of an integer which is not divisible by 5 leaves remainder 1
upon division by 5.

(b) Show that if for some integers x, y, z we have

x4 + 2y4 = 4z4,

then all three of x, y and z are divisible by 5. Then use the method of infinite
descent to prove that there are no positive integer solutions x, y and z of the equation
x4 + 2y4 = 4z4.

(8) Use the principle of mathematical induction to prove that the following identity holds for
all integers n ≥ 1.

(2n + 1) + (2n + 3) + (2n + 5) + . . . + (4n− 1) = 3n2.

(9) Use mathematical induction to show that for integers k1, k2, ...., kn the product

(4k1 + 1)(4k2 + 1)....(4kn + 1)

leaves remainder 1 after division by 4.

(10) Prove that 2n ≥ 2n + 1 for all integers n ≥ 3.

(11) Prove that 3n ≥ n3 for all integers n ≥ 3.

(12) Use mathematical induction to prove that for all natural numbers n ≥ 2 we have

13 + 23 + ... + (n− 1)3 <
n4

4
.

(13) Show that for all n ≥ 1 the number 7n − 6n− 1 is divisible by 36.
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(14) Show that if a prime number divides the product of two numbers then it divides at least
one of the two numbers.

(15) Suppose that the total number of divisors of a positive integer n is odd. Show that n is a
perfect square.

3. Number Theory

• Review the Euclidean Algorithm for finding the greatest common divisor of two numbers.

• Make sure you know the exact statements of the Division Algorithm, the GCD theorem
from Section 2.4 of your textbook and the Fundamental Theorem of Arithmetic.

• Review the process for finding some solutions of the Diophantine equations mx + ny = d.

(1) (a) Find the prime number decomposition of 2730 and 3150.

(b) Find GCD(2730, 3150) using the Euclidean Algorithm.

(c) Express the above GCD as an integer linear combination of 2730 and 3150.

(d) Find the GCD and the LCM of 2730 and 3150 using the Fundamental Theorem of
Arithmetic.

(2) Find at least one pair (x, y) of integer solutions of the equation 53x + 42y = 1.


