
MATH 103, FALL 2013: SYNTHESIS ASSIGNMENT 2

DUE WEDNESDAY, NOVEMBER 27TH BY 9AM

1. The classification theorem for closed 2-dimensional topological manifolds

Address each of the following prompts in a paragraph form. You are allowed to rely on the material
from your textbook (especially Chapters 4, 5), your earlier worksheets and your lecture notes. You are
required to complete all the work by yourself.

(1) Which basic 2-dimensional topological manifolds did we cover in class? Provide sketches of their
gluing diagrams (or other kinds of descriptions). Feel free to discuss closed manifolds only.

(2) Some of the topologies addressed in the previous question should be non-orientable. Which ones are
those? Make sure to explain the concepts of orientability and non-orientability, both in principle
and on an example.

(3) Which procedure can be used to make more complicated 2-dimensional topological manifolds from
the more basic ones? Explain this procedure, both in principle and on an example. Include at least
one illustration.

(4) In class we stated two versions of a Classification Theorem for closed 2-dimensional manifolds.
(This theorem basically lists all the possible 2-dimensional topological shapes.) State both versions
of the Theorem and comment on the difference between the two versions. You may want to relate
your answer to question (6) below.

(5) The Klein bottle K2 is not explicitly mentioned in the Classification Theorem(s); see the previous
question. Provide a very detailed1 explanation of the fact that K2 is topologically the same as one
of the manifolds which is explicitly mentioned in the Classification Theorem(s).

(6) Below is a list of several closed 2-dimensional manifolds. Which ones are topologically the same?

a) T 2 b) P 2#P 2

c) T 2#P 2 d) P 2#P 2#P 2

e) T 2#T 2#P 2 f) P 2#P 2#P 2#P 2

g) T 2#P 2#P 2 h) P 2#P 2#P 2#P 2#P 2

2. The Euler characteristic

Address each of the following prompts in a paragraph form. You are allowed to rely on the material
from your textbook (especially Chapters 5, 12), your earlier worksheets and your lecture notes. You are
required to complete all the work by yourself.

(1) Sketch three examples of polygonal decompositions (a.k.a cell-divisions) of 2-dimensional closed
manifolds. For each decomposition state the numbers of vertices, edges and faces involved.

(2) In principle, what is the Euler characteristic? Give its definition and make sure you address what
each letter in your formula means.

(3) A given 2-dimensional closed manifold has many different polygonal decompositions (cell-divisions).
Does the value of the Euler characteristic depend on the choice the polygonal decomposition?

(4) Compute the following Euler characteristics. Provide all the details.

χ(S2), χ(P 2), χ(T 2), χ(K2).

(5) What can you say about the Euler characteristics of two 2-dimensional closed manifolds which are

1E.g. manipulation of gluing diagrams.
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(a) topologically the same?

(b) topologically different?

(6) What can you say about two 2-dimensional closed manifolds whose Euler characteristics are

(a) different?

(b) the same?

(7) The Euler characteristic of a more complicated 2-dimensional closed manifold, e.g. a connected
sum X#Y , can be computed from the Euler characteristics of the more basic manifolds, e.g. X
and Y . For example, in class we discussed the formula

χ(X#Y ) = χ(X) + χ(Y ) − 2.

Provide a detailed (deductive) justification of this formula.

(8) (a) To show how the above formula can be applied, please compute χ(T 2#T 2#P 2).

(b) Use the above formula to complete the following table.

Manifold Euler Characteristic Manifold Euler Characteristic
S2

T 2 P 2

T 2#T 2 P 2#P 2

T 2#T 2#T 2 P 2#P 2#P 2

T 2#T 2#T 2#T 2 P 2#P 2#P 2#P 2

3. The Gauss-Bonnet Theorem

Address each of the following prompts in a paragraph form. You are allowed to rely on the material from
your textbook (especially Chapter 12), your earlier worksheets and your lecture notes. You are required
to complete all the work by yourself.

(1) State the Gauss-Bonnet Theorem, and discuss its significance.

(2) A precursor of the Gauss-Bonnet Theorem is Gauss’ Formula. Recall, this formula relates the
angle-sum of an N -gon on a 2-dimensional homogeneous manifold of (constant) curvature K to its
area:

Angle-sum = (N − 2)π +K · Area .

Provide a deductive argument which justifies Gauss’ Formula.

(3) Based on Gauss’ Formula, provide a deductive argument which justifies the Gauss-Bonnet Theorem.

4. 2-dimensional geometrization

Address each of the following prompts in a paragraph form. You are allowed to rely on the material
from your textbook (especially Chapters 11, 12), your earlier worksheets and your lecture notes. You are
required to complete all the work by yourself.

(1) What does the phrase geometrization stand for?

(2) Apply the Gauss-Bonnet Theorem to each manifold from the table on this page, in order to identify
the appropriate candidate for the homogeneous geometry on that manifold. (Important note: the
Gauss-Bonnet Theorem does not guarantee that this candidate will actually “work out”.)

(3) Exhibit the procedures which actually yield homogeneous geometries on each of the manifolds from
the table on this page – except for S2. These procedures should be based on gluing and polygons
from the appropriate “basic geometries”. Illustrations accompanied by the explanations in words
are expected.


