
ON FOUNDATIONS OF MATHEMATICS

Legacy of Ancient Greek mathematics

Mathematics, as we know it today, developed its shape and form in ancient Greece. It is certainly
true that many mathematical facts were known to civilizations pre-dating the Greeks. However,
pre-Greek mathematics always remained very close to concrete examples and shied away from
explicitly stating any abstract rules. For example, there is plenty of evidence that Babylonians
were aware of what we now call the Pythagorean Theorem. However, there is no evidence that
Babylonians were even interested in justifying the validity of the Pythagorean Theorem. There are
many reasons to believe that the mathematical knowledge of pre-Greek cultures relied primarily on
concrete observations of the physical world, and much less so on the power of logic and deduction.
This changed once and for all in ancient Greece. While it is clear that the use of deductive reasoning
in mathematics goes back to ancient Greeks, it is not 100% clear why (or even by whom) deductive
reasoning was introduced into mathematics in the first place. Perhaps most interesting of all of
the arguments is that the appearance of deductive reasoning in mathematics parallels the use
of dialectics, a way of arriving at truth (in a dialogue or so) using rational reasoning and logic
arguments only, amongst Greek philosophers. See Section 12, Chapter 5 of [1] for other arguments
and corresponding references. The bottom line is that deductive reasoning was well entrenched in
mathematics by 400 BCE, the time of Plato and his Academy.

There is one particular work from the ancient Greece that typifies their approach to Mathematics.
The work consists of thirteen books called “Elements” which were written by Euclid. Euclid
was an intellectual offspring of Plato’s Academy and was affiliated with the great library and
“university” in Alexandria; we believe he wrote the Elements in about 300 BCE. Although these
books did not focus solely on geometry, Euclid’s Elements became the geometry textbook for the
next 2 000 years. In fact, it is often speculated that the Bible is the only book which was published
and read more frequently than the Elements. What made Euclid’s Elements so influential is its
near-perfect logical organization based on deductive reasoning. Euclid first articulated several (what
we would today call) axioms; these are a small number of simple statements which one can regard
as “self-evident truths”. Euclid grouped these “self-evident truths” into Postulates (e.g. One can
“... draw a straight-line from any point to any point”) and Common Notions (e.g. “Things equal
to the same thing are also equal to one another”). From his axioms Euclid logically deduced all
of the remaining geometrical knowledge. This particular logical structure is now at the core of
all Mathematics. The geometry whose foundations and logical structure Euclid revealed in his
Elements became known as the Euclidean geometry. (However, none of the discoveries of the
results presented in Euclid’s Elements are attributed to Euclid.)

Although highly successful, Elements did receive some criticism. Attempts to clear up an im-
perfectness involving Euclid’s Fifth Postulate lasted for about 2 000 years and lead to numerous
geometrical discoveries. This 2 000-year-long history leads us to 1820’s and 1830’s when the discov-
eries of so-called hyperbolic geometry (which is an example of non-Euclidean geometry) were made
public by Nicolai Lobachevsky and János Bolyai. In some sense, these events mark the moment
when our civilization emancipated from viewing the geometry (and thus Mathematics) as a field of
inquiry addressing the directly observable physical world.
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Euclid’s Elements

Euclid begins his books with Definitions in which he introduces (to us) the objects he studies or,
if you will, the characters of his story. Here is literally how Book I of the Elements begins. 1

1. A point is that of which there is no part.
2. And a line is a length without breadth.
...
4. A straight-line is (any) one which lies evenly with points on itself.
...
15. A circle is a plane figure contained by a single line [which is called a circum-
ference], (such that) all of the straight-lines radiating towards [the circumference]
from one point amongst those lying inside the figure are equal to one another.
...

After many definitions, Euclid spells out his Postulates. Here are two of Euclid’s five postulates.

1. Let it have been postulated to draw a straight-line from any point to any point.
...
3. And to draw a circle with any center and radius.
...

In addition to the five postulates Euclid states five Common Notions, which – to keep things simple
– you should really think about as additional five postulates.

1. Things equal to the same thing are also equal to one another.
...

One way of thinking about Postulates and Common Notions is that they are some sort of guiding
principles whose validity is not questioned. Such statements are necessary for the following reason:
In order to prove a new result you need to rely on previously proved result, which relies on a
previously proven result.... This is a chicken-and-egg phenomenon which can be resolved only by
declaring some statements to be “self-evident”. You have to cut the vicious circle at some place. In
modern language we usually use the word axiom in place of Postulates and/or Common Notions.

The following is the direct quote of Euclid’s first Theorem, or – as he calls it – Proposition.

To construct an equilateral triangle on a given finite straight-line.

Let AB be the given finite straight-line.
So it is required to construct an equilateral triangle on the straight-line AB.
Let the circle BCD with center A and radius AB have been drawn [Post. 3], and
again let the circle ACE with center B and radius BA have been drawn [Post. 3].

1All the quotes here come from [2] although you can also consult [3] for further details.



ON FOUNDATIONS OF MATHEMATICS 3

And let the straight-lines CA and CB have been joined from the point C, where the
circles cut one another, to the points A and B (respectively) [Post. 1].
And since the point A is the center of the circle CDB, AC is equal to AB [Def.
1.15]. Again, since the point B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But CA was also shown (to be) equal to AB. Thus, CA and CB are
each equal to AB. But things equal to the same thing are also equal to one another
[C.N. 1]. Thus, CA is also equal to CB. Thus, the three (straight- lines) CA, AB,
and BC are equal to one another.
Thus, the triangle ABC is equilateral, and has been constructed on the given finite
straight-line AB. (Which is) the very thing it was required to do.

Over 2 000 years later, we still recognize Euclid’s discussion as a proof of the fact that one can
construct an equilateral triangle of any given side.

Peano and his Axiomatization of Natural Numbers

Given the above state of things, it was perhaps inevitable that people tried to provide a set of
axioms in other areas of mathematics. Of relevance to our class are the axioms of natural numbers
developed to Guiseppe Peano (late 19th century). According to Peano’s work, the set N of natural
numbers is axiomatized by the following.

Axiom 1: For each element of n ∈ N there is a unique element n′ ∈ N, called the successor
of n.

Axiom 2: There is an element of N called 1, which is not a successor of any n ∈ N.

Axiom 3: If some m,n ∈ N have the same successors (m′ = n′) then we must have m = n.

Axiom 4: Any subset S ⊆ N such that 1 ∈ S and such that n ∈ S implies n′ ∈ S for all n,
must be N itself, i.e.

S = N.

It is worth pointing out that the last Axiom features quantification over sets (∀S ⊆ N). In logic
one distinguishes first order logic from second order logic. First order logic does not permit quan-
tification over sets, while the second order logic does. The axiomatization spelled out above is a
second order axiomatization. Note that it relies on set theory, and that set theory as discussed in
our class relies on logic.

Since number theory serves as a foundation for calculus etc, everything you have done in calculus
classes (even differential equations!!) can be tracked down to logic – at least to some extent. Peano
made this perspective very clear in his work. The following is a snap-shot from one of his papers
[4].
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Any guesses as to what this Theorem is saying?

Logistic School

Approaches similar to one of Peano can be found in works of other logicians and philosophers of the
late 19th centery, most notably Gottlob Frege [5]. A school of thought emerged here: it held the
point of view that mathematics was completely derivable from logic. This school of thought was
aptly named the Logistic School. From their perspective logic was not an instrument of math,
but math is an offspring of logic.

In 1902-1903 Bertrand Russell pointed out a problem with Frege’s work, which basically boils
down to the example of a “statement”2 “This statement is false”. Think about it for a moment: we
cannot say this “statement” is True (if it was True it would be False) and we certainly can’t say the
“statement” is False (if it was False it would be True). Russell, together with Alfred Whitehead,
offers a resolution of this issue in the book Principia Mathematica (approx 1910). Although this
book is essential to any logician (philiosopher), the extent to which the logistic school made an

2One might say that the most basic object in “logic” is “a statement”, a sentence that we can with 100% certainty
say is True or False.
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impact on math community is much less clear. See the Stanford Encyclopedia of Philosophy entry
on Principia (i.e. see [7]) for more detail.

Hilbert’s Formalism

Upon deeper reflection one realizes that Euclid’s organization is far from perfect. Euclid defined a
“line” as “a length without breadth”. In an ideal document one ought to be able to find an exact
definition for each of the words “length”, “breadth”. One should also be able to find the exact
meaning for the phrase “length without breadth”. Furthermore, if the definition of the word “line”
is based on the word “length”, then the definition for the word “length” must not involve “line”.
We recognize the same “infinite descent” issue which was brought up earlier in the discussion of
axioms. In order to define a term you need to rely on a previously defined term, which is defined on
a previously defined term.... More or less, the same applies to any axiomatically organized theory.

One way to resolve this chicken-and-egg phenomenon is to declare some terms to be “understood”,
i.e to leave some terms undefined. One has to cut the vicious circle at some place. This idea is tied
to the Formalist School of taught centered around a German mathematician David Hilbert.
One could safely say that this school of thought made the most influence of the mathematics of the
20th century.

By the time Russell’s paradox was announced Hilbert was already famous for sorting out the 2000-
year-long mess in geometry. In a convoluted way, Euclid’s 5th Postulate basically states that given
a point not on a line we can draw only one line passing through the point and not intersecting
the given line. While the claim may make sense, it is not actually “self-evident”. Can one really
demonstrate the truth of this claim? In early 1800’s a number of mathematicians arrived at a
conclusion that one could assume the exact logical opposite of the 5th Postulate and still have a
geometry with no logical problems; “moral problems” maybe, but not logical problems. The point
of view that a geometry is valid as long as it is logically consistent, as long as one cannot prove two
statements which are logical opposites of one another, became mainstream in 1899 when Hilbert
published “Grundlagen der Geometrie”. This book is essentially a modern version of Euclid’s
Elements. The main difference is that Hilbert shows that logical consistency of Euclidean geometry
necessitates the consistence of the geometry built on the negation of the 5th Postulate (and vice
versa).

A consistency of a mathematical theory is typically established by building a (what we call) model
for the theory. This entails interpreting the “undefined terms” of the theory in such a way that
all axioms are satisfied. You will find that interpreting undefined terms to some extent resembles
evaluating an expression (that is, “plugging things in”.) Note that there may be more than one
possible interpretation. We now illustrate this on an example.

Consider the axiomatic theory given by the following.

Undefined Terms: Point, Line, to be an Element of.
Axiom 1): Given two distinct Points P and Q there is one and only one Line l such that

both P and Q are Elements of l.
Axiom 2): Given a point P which is not an Element of the Line l, there is at least one Line

m which P is an Element of such that no Point is an Element of both l and m.
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Axiom 3): There exist at least three Points P , Q and R such that for every Line l at least
one of Points P , Q and R is not an Element of l.

For example, one could make the following interpretation of the terms Point, Line, to be an Element
of:

Here we interpret the word “Point” as meaning one of the following three letters: A, B and C. We
interpret the word “Line” as meaning one of the following six numbers 1, 2, 3, 4, 5, 6. We interpret
the phrase “to be an Element of” as meaning one of the following:

• B is an Element of 1;
• C is an Element of 1;
• A is an Element of 2;
• C is an Element of 2;
• A is an Element of 3;
• B is an Element of 3;
• A is an Element of 4;
• B is an Element of 5;
• C is an Element of 6.

This is illustrated in the following picture, but the picture itself does not constitute a model of our
axiomatic theory.

There may be different models of the same axiomatic system, as shown in the diagram below.

The idea here is that everything which is provable using only deductive reasoning has to be mani-
fested in both of the models. This also suggests why models “show” a theory is consistent.
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Basically, if there was a statement of the axiomatic theory which could be proved along with its
logical opposite, then both the statement and its logical opposite could be observed in our model.
So, for example, one could consider the following statement:

For any given Line there exist at least two Points which are its Elements.

and its logical opposite:

There exists a Line of which at most one Point is an Element.

For a given model either the first or the second statement is true. It could not happen that both
statements were true. In the first model it is the second of the two statements that is true; indeed,
Line 4 has only the Point A as its Element. In the second model the first of the two statement is
true.

One of the basic results working behind Hilbert’s Grundlagen is that the geometric axiomatic system
obtained by the removal of the 5th Postulate has two models: one in which the 5th Postulate holds
(a.k.a Euclidean geometry) and one in which it does not (a.k.a hyperbolic geometry). Thus in
particular, one cannot prove the 5th Postulate from the remaining ones. This settled the 2 000 year
controversy regarding the 5th Postulate.

Despite this success, Hilbert’s program suffered an interesting blow. We have seen that anything
which can proven using deductive reasoning is automatically true in any model. But: does the
converse hold? Is it necessarily the case that a feature which is true in every single model of an
axiomatic theory is also provable using rules of deductive reasoning only? Interestingly enough,
the answer in general is “NO”. In particular, it follows from the work of Kurt Gödel in 1930 -1931
that the answer is no for certain axiomatic theories expressed in second order logic such as Peano’s
theory of natural numbers. Stated differently, there are truths about natural numbers (understood
by means of the Peano axioms stated above) that one cannot prove using deductive reasoning.

Nevertheless, Hilbert’s approach became dominant in mid-20th century mathematics. Mathemati-
cians of 20th century particularly loved hiding behind Formalism and the “statement” that “Math-
ematics is a meaningless game with meaningless symbols according to meaningless rules” whenever
attacked by anybody who questioned the nature of mathematical study.

Intuitionist School

One more group of mathematicians emerged onto the scene in 1920’s: the Intuitionist School
based out of Amsterdam and lead by L.E.J. Brouwer and H. Weyl. Their approach to dealing
with logical issues is in rejecting “nonconstructive proofs”. This includes rejecting “proofs by
contradiction”. For example, Intuitionists would not accept our / Euclid’s proof of existence of
infinitely many prime numbers. Their problem with the proof is that we do not offer a way
of coming up with “the next prime number, and the next prime number, and the next prime
number....”. Intuitionists would accept “The statement that there are finitely many prime numbers
is false”, but they would not accept “There is infinitely many prime numbers”. Thus, Intuitionists
do not accept the so-called “Law of Excluded Middle”. This point of view directly confronted the
Logistic and the Formalist School.
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Some final comments

Great surveys of philosophy of mathematics, and the work of relevant logicians, mathematicians
and philosophers can be found on the Stanford Encyclopedia of Philosophy website.

In my personal experience (both in my own mathematical evolution, and in my observations of my
students’ responses to upper division math classes) Formalism tends to be very appealing to young
mathematicians’ soul. You at this point might find Formalism to be the way to go and all other
points of view to be somewhat random philosophical mumbo-jumbo, but I invite you to look back
periodically as you mathematically mature and re-examine your points of view on the nature of
mathematical study.
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