
EXAMPLE OF AN AXIOMATIZED THEORY

Undefined terms

Point, Line, Plane, to be on (alternatively: to contain).

Defined terms

Definition 1. Three or more points which are on the same line are said to be collinear.

Definition 2. Two lines which are on the same plane are said to be coplanar.

Axioms

AxI1. Each line contains at least two distinct points.
AxI2. There exists at least one line which contains two given points.
AxI3. There exists at most one line which contains two given distinct points.
AxI4. Each plane contains at least three non-collinear points.
AxI5. There exists at least one plane containing three given points.
AxI6. There exists at most one plane containing three given non-collinear points.
AxI7. If two distinct points on a line are contained in a plane, then the line is also contained in
the plane.
AxI8. If two distinct planes have a point in common, then they have at least one more common
point.
AxI9. There exist four non-coplanar points.

Results

Theorem 1. There is exactly one line containing two given distinct points.

Proof. Let A and B be two distinct points. Using Axiom AxI2 we know that there is at least one
line containing both A and B. Since A and B are distinct, AxI3 guarantees that there is at most
one line containing A and B. In other words, a line whose existence is guaranteed by AxI2 is the
only line containing A and B. �

The line containing two given points A and B will simply be denoted by AB. Analogously, we see
from Axioms AxI5 and AxI6 that:

Theorem 2. There is exactly one plane containing three given non-collinear points.
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The plane containing three non-collinear points A,B,C will be denoted ABC.

Theorem 3. There is exactly one plane containing the line l and a point P which is not on l.

Proof. By AxI1 there exist two distinct points on the line l; we label them by Q and R. It follows
from AxI7 that some plane contains l if and only if that plane contains Q and R. Thus, it suffices
to show that there exists exactly one plane containing P , Q and R. Since P is not an element of
l, which by Theorem 1 is the one and only line containing Q and R, we know that P , Q and R are
non-collinear. We now apply Theorem 2 and see that there exists exactly one plane which contains
points P , Q and R. �

Theorem 4. Two distinct lines are either disjoint of they intersect at a single point.

.....

Theorem 5. For any point P of the plane π there exist points Q and R of the plane π such that
P , Q, R are non-collinear.
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