
MATH 103, FALL 2013: READING FOR DAY 9

In class on Thursday we constructed two approximate paper models of 2-dimensional non-Euclidean
geometries: the spherical geometry and the hyperbolic geometry.

The sphere

The approximate model for a 2-dimensional sphere was a polyhedron known as the icosahedron. (If
you forgot how this looked like when you made it in class, then please consult the internet for an image
of an icosahedron; the picture on the Wikipedia page should suffice.) In our course and your textbook
manifolds are required to be smooth with no sharp corners. Thus, icosahedron is only approximately a
manifold. Using terminology from last class, we may refer to its geometry as scarce geometry. The main
feature of this geometry is that around each corner point the circumferences of circles are smaller than
what they would be in the Euclidean plane. This requirement forced the geometry to close in on itself
and form what is topologically a sphere.

Food for thought: What would happen if you followed the procedure from last class but instead of
requiring that 5 triangles meet at every single point you required that 4 triangles meet at every single
point? Can you sketch the polyhedron which arises in this situation?

Food for thought: Which of the two polyhedra, the polyhedron from the previous exercise and the
icosahedron from the last class, has the bigger radius? In your opinion, which one of these two polyhedra
is more curved? In your opinion, which one of these two polyhedra is deviating more from being flat?

There is a general sense in which the surface of the sphere of radius R is the more curved the smaller
the R is. Vice versa, the sphere is less curved the bigger the R is. For example, it is hard for us to detect
that the surface of the Earth is curved precisely because its radius is so big! This is also related to the
fact that, although in theory we should be able to do this, it is very hard for us to measure the fact that
the angle sum of a triangle on the surface of the Earth is not equal to π. The culprit is the multiplicative
factor of 1

R2 in the formula

(α+ β + γ) − π = 1
R2A.

This factor explains the exact relationship between the extent to which the angle sum of a triangle is
bigger than π (i.e. (α+ β + γ)− π) and the the area of a triangle (i.e. A). The extent to which the angle
sum in a spherical triangle is bigger that π is proportional to the triangle’s area. The proportionality
factor (namely 1

R2 ) is small for large values of R and large for small values of R. This matches with our
understanding of how curved a sphere must be: sphere of radius R is not as curved when R is large and
is very curved when its radius is small. Overall, we can take the quantity 1

R2 to be the measure of the
curvature of the sphere. This sheds the following light on the formula

(α+ β + γ) − π = 1
R2A.

The extent to which the angle sum in a spherical triangle is bigger that π is proportional to the triangle’s
area, with the proportionality factor measuring the curvature of the sphere. In the extreme case when R
is very, very large the right-hand-side of the above is negligible and the angle-sum of a triangle defacto
becomes the good old Euclidean π.

Food for thought: As discussed in class on Tuesday (the grapefruit day!) the circumference of a
circle of radius r on a sphere of radius R is strictly less than 2πr. Do you think that the extent to which
this circumference is less that 2πr depends on R? If so, how? Is the discrepancy between 2πr and the
actual circumference going to be more or less pronounced for bigger and bigger values of R? What about
smaller and smaller values of R?
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The hyperbolic plane

The other approximate model you built in class on Thursday is of something called the hyperbolic
plane.

Once again, the caveat word “approximate” is necessary because the vertices at which your triangles were
meeting exhibited non-smooth behavior. If corners are understood as being pointy then the vertices in
your approximate model of the hyperbolic plane are “anti-corners”. This geometry is exemplary of surplus
geometry in which around each “anti-corner” point the circumferences of circles are strictly bigger than
what they would be in the Euclidean plane. This requirement forces the surplus geometry to be ruffly
and to spread infinitely in all directions. Much like spheres can viewed as smoothed out icosahedrons,
the hyperbolic plane is a smoothed out version of the paper model you made in class. The following is
very representative of what (portions of it, at least) look like.

Food for thought: What would happen if you followed the procedure from last class but instead of
requiring that 7 triangles meet at every single point you required that 8 triangles meet at every single
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point? Between the two hyperbolic planes, which one is more ruffly? In your opinion, which one of the
two planes is deviating more from being flat? In your opinion, which one is more curved?

One of the goals for this lecture is to provide a more detailed understanding of the hyperbolic geometry.
For example: we will address the question of triangles and their area in hyperbolic geometry.

The first thing we need to address is what is meant by a (straight) line1 in the hyperbolic plane. This
is a concept which puzzled mathematicians for way to long (we will talk about this after the Fall Break).
Thankfully, modern mathematicians have found ways of making this concept more visualizable. The
following narrative draws from the writings and the presentations of Daina Taimina, a Cornell based
mathematician2.

Basically, the idea is to realize the straight lines as outcomes of folding. The following pictures explain
this phenomenon both in the Euclidean and the hyperbolic plane.

Here is a surprising feature. On the following pictures you can see two lines in the hyperbolic plane
which do not intersect. What is surprising is that these lines actually diverge away from one another.

How could this be possible? The reason is that in our process of creating the hyperbolic plane we
inserted extra triangles; we have a surplus of area; we have a surplus of geometry. This extra room is
what is pushing the hyperbolic straight lines away from one another. In a situation where we want to
draw a line through a point not on a given straight line which intersects the given we need to proactively
aim towards the given line in order to compensate for the extra room which otherwise forces lines to

1A mathematician is only going to use the word “line” in the context of straight lines. The every day use of the word
“line” allows any “long narrow mark” to be called a “line”. For a mathematician, and for you in this class, “long narrow
mark” is really a “1-dimensional manifold”. The word “line” is reserved for straight lines.

2Her TED Talk on the subject can be easily found online: search for TED Talks Daina Taimina. I recommend it.
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diverge away from one another. If we are not proactive enough in our aiming towards the given line
the straight line we are drawing is never going to reach the given. Symbolically, we can represent the
situation as follows.

What this in effect means is that through a given point not a given straight line we can draw many
straight lines which do not meet the given. Thus in a sense lines through the given point come in two
flavors: those which do not meet the given and those which do meet the given. There are infinitely many
of both. The borderlines between the two camps of lines should be imagined as being asymptotic to the
given straight line.

Food for thought: Which of the two approximate hyperbolic planes, the one constructed with 7
triangles meeting at a point or the one with 8 triangles meeting at a point, is more abundant in lines
which pass through the given point but do not intersect the given line? Which of the two planes requires
us to be more proactive if we want to reach the given line?

Food for thought: Consider the angle θ from the previous picture. Which of the two approximate
hyperbolic planes, the one constructed with 7 triangles meeting at a point or the one with 8 triangles
meeting at a point, has a larger θ? (The point here is that the more ruffly and the more curved the
hyperbolic plane, the smaller the angle θ. An extreme situation when the ruffles are barely noticeable
would feature θ which is almost straight, something we can identify with from our Euclidean experiences.)
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Consider the three points positioned as above, and imagine they are on a hyperbolic plane. In order
to connect A to B one needs to aim more directly towards the line BC then one would expect from the
experience in the Euclidean plane. Likewise, in order to connect A to C one needs to aim more directly
towards BC then in Euclidean geometry. As a result, the angle α has to be smaller than what one may
expect based on Euclidean geometry. Overall, the angle sum of a hyperbolic triangle is necessarily smaller
than π.

Food for thought: Will this failure of the angle sum to reach π be more pronounced in the hyperbolic
plane constructed with 7 triangles meeting at a point or in the one with 8 triangles meeting at a point?
Will this failure be bigger when the hyperbolic plane is more ruffly? Will this failure be bigger when the
hyperbolic plane is more curved?

Food for thought: Compare the angle-sum situation for triangles of different sizes / areas within
one and the same hyperbolic plane. Will the failure of the angle sum to reach π be more pronounced for
bigger or for smaller triangles? Which one of the triangles encompasses more ruffles and is experiencing
more effects of the curvature?

Ultimately, the conclusion is this. The failure of the angle sum to reach π, also known as π−(α+β+γ),
is related to both the area of the triangle and the extent to which the hyperbolic geometry is curved.
Namely, it grows both with the curvature and the area:

π − (α+ β + γ) = (prop.factor)A,

where the proportionality factor denotes “curvature”.
To take advantage of the structural similarity with the corresponding angle-sum equation on the surface

of the sphere we apply the negative to both sides and re-write the above as:

(α+ β + γ) − π = kA.

The proportionality factor k is now negative but it still serves as a measurement of curvature. The more
negative the k is, the more ruffly the hyperbolic plane! Once more, we have the following statement: The
extent to which the angle sum of triangle is bigger that π is proportional to the triangle’s area, with the
proportionality factor measuring the curvature of the geometry. In the case of the hyperbolic plane, the
value for curvature is made to be negative, which really means that the extent to which the angle sum
of a hyperbolic triangle is less that π is proportional to the triangle’s area, with the proportionality factor
being directly related to curvature.


