
MATH 103, FALL 2013: READING FOR DAY 13

Mathematics, as we know it today, developed its shape and form in ancient Greece. It is certainly
true that many mathematical facts were known to civilizations pre-dating the Greeks. However,
pre-Greek mathematics always remained very close to concrete examples and shied away from
explicitly stating any abstract rules. For example, there is plenty of evidence that Babylonians
were aware of what we now call the Pythagorean Theorem. However, there is no evidence that
Babylonians were even interested in justifying the validity of the Pythagorean Theorem. There are
many reasons to believe that the mathematical knowledge of pre-Greek cultures relied primarily on
concrete observations of the physical world, and much less so on the power of logic and deduction.

Homework : What is deductive reasoning? How does it compare to inductive reasoning? Can
you give examples of each?

This changed once and for all in ancient Greece. While it is clear that the use of deductive
reasoning in mathematics goes back to ancient Greeks, it is not 100% clear why (or even by
whom) deductive reasoning was introduced into mathematics in the first place. Perhaps most
interesting of all of the arguments is that the appearance of deductive reasoning in mathematics
parallels the use of dialectics, a way of arriving at truth (in a dialogue or so) using rational
reasoning and logic arguments only, amongst Greek philosophers. See Section 12, Chapter 5 of [1]
for other arguments and corresponding references. The bottom line is that deductive reasoning
was well entrenched in mathematics by 400 BCE, the time of Plato and his Academy.

Homework : What does the term “dialectics” stand for? Do you know anything about
Socratic methods? E&D anyone?

There is one particular work from the ancient Greece that typifies their approach to Mathe-
matics. The work consists of thirteen books called “Elements” which were written by Euclid.
Euclid was an intellectual offspring of Plato’s Academy and was affiliated with the great library
and “university” in Alexandria; we believe he wrote the Elements in about 300 BCE. Although
these books did not focus solely on geometry, Euclid’s Elements became the geometry textbook
for the next 2 000 years. In fact, it is often speculated that the Bible is the only book which was
published and read more frequently than the Elements. What made Euclid’s Elements so influ-
ential is its near-perfect logical organization based on deductive reasoning. Euclid first articulated
several (what we would today call) axioms; these are a small number of simple statements which
one can regard as “self-evident truths”. Euclid grouped these “self-evident truths” into Postulates
(e.g. One can “... draw a straight-line from any point to any point”) and Common Notions (e.g.
“Things equal to the same thing are also equal to one another”). From his axioms Euclid logically
deduced all of the remaining geometrical knowledge. This particular logical structure is now at the
core of all Mathematics. The geometry whose foundations and logical structure Euclid revealed
in his Elements became known as the Euclidean geometry. (However, none of the discoveries of
the results presented in Euclid’s Elements are attributed to Euclid.) For a sample of Euclid’s
Elements see the appendix at the end of this note.
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Although highly successful, Elements did receive some criticism. Attempts to clear up an
imperfectness involving Euclid’s Fifth Postulate lasted for about 2 000 years and lead to numerous
geometrical discoveries. This 2 000-year-long history leads us to 1820’s and 1830’s when the
discoveries of so-called hyperbolic geometry (which is an example of non-Euclidean geometry)
were made public by Nicolai Lobachevsky and János Bolyai. In some sense, these events mark the
moment when our civilization emancipated from viewing the geometry (and thus Mathematics)
as a field of inquiry addressing the directly observable physical world.

Plato’s philosophy of Mathematics. Since it is believed that Euclid was brought up in the
tradition of Plato’s Academy, and since Euclid was without a doubt the most influential mathe-
matician of all time, it is worthwhile for us to digress and discuss the role of Plato in Mathematics.

There is no evidence that Plato himself contributed any new mathematical results. However,
Plato exerted a great deal of influence on Mathematics by promoting and celebrating mathematical
inquiry and by investigating the very nature of that inquiry. For Plato everything belongs to one
of two categories: immaterial and material. The distinction more or less coincides with the
division between perfection and imperfection, good and bad. In “Republic” Plato explains this
distinction through a parable of a man in a cave who sees shadows casted on the wall by the
light of the fire. Material world in this parable is the shadow of the immaterial world. For
Plato saying somebody is “beautiful” is not unlike saying that somebody lies in the projection
(onto, say, a plane) of the idea of beauty (which exists in it own right, say, somewhere in space).
Mathematical objects also belong to the immaterial world. For example, circle is a perfect object
which exists in the immaterial world while our drawings of circles are its imperfect, material
manifestations.

It is very important for you to understand that for Plato Mathematics investigates objects which
exist in the immaterial world. Our everyday senses are sufficient for the perception of the
material world. According to Plato it is mathematical thinking that gives us the opportunity
of developing a sense of the immaterial world. It is mathematical thinking that allows us to
emancipate ourselves from just seeing “shadows”.

I encourage you to dwell on this thought1, as many a mathematician would agree that there is
something to it. Descartes taught us how to manipulate triples of numbers (“the x, the y and
the z”) when we are describing space around us. In this class you practiced how to manipulate,
say, quadruples of numbers in a manner consistent with the one Descartes taught us. These
quadruples of numbers live in some sort of a four-dimensional space, which our eyes never see.
However, our practice of mathematical thinking allows us to gain an insight into this immaterial
four-dimensional space. Think about it, or think about some other example which would make
Plato proud.

The Fifth Postulate Saga. Bellow is the statement of Euclid’s Fifth Postulate. Note just how
much more complicated this Postulate is then the Postulate mentioned earlier.

1I really do mean just this thought. The whole set of Platonic theories including the one in which we have
actually acquired the mathematical knowledge before our birth and now are just “remembering it” is much harder
to relate to contemporary mathematical experience.
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5. And that if a straight-line falling across two (other) straight-lines makes internal
angles on the same side (of itself whose sum is) less than two right-angles, then
the two (other) straight-lines, being produced to infinity, meet on that side (of
the original straight-line) that the (sum of the internal angles) is less than two
right-angles (and do not meet on the other side).

Interpreted on the picture below, the Postulate claims that if the sum of the interior angles formed
by the lines a and c and the lines b and c is less than π then the lines a and b intersect (on the
same side of line c on which those interior angles are).

a

b

c

Some Greek mathematicians felt that such a complicated statement ought to be a theorem, not
a Postulate. Postulates play the role of “self-evident truths” and one really cannot claim that
the Fifth Postulate (as stated) is “self-evident”. For example, if the sum of the two angles is
ever so slightly less than π we would need to extend our drawings of lines a and b by A LOT to
actually see that they intersect. Efforts were then put into proving the Fifth Postulate based on
other Postulates. We note here the effort of Proclus from about 450 CE which, although flawed,
brought to our attention the so-called Playfair’s Axiom. The statement of this axiom is logically
equivalent to the Fifth Postulate (i.e. if one of the two statements is true then so is the other),
and at the very least the statement is simpler (if not more “self-evident”) than the statement of
the Fifth Postulate. The replacement of the Fifth Postulate by this axiom was strongly advocated
by the Scottish mathematician John Playfair2, which is why the axiom carries his name.

Playfair’s Axiom: Through a given point, not on a given line, only one parallel
can be drawn to the given line.

In the illustration of Playfair’s axiom above the bold line represents the only line passing through
A which does not intersect p; the dotted line is supposedly going to intersect p somewhere.

The power of the two centers of Greek Mathematics, the school in Alexandria and Plato’s
Academy in Athens, declined by the 5th century. After a long period of political and religious
instability Greek scholars started looking for refuge in Middle East/Persia. By the middle of

2His work dates from late 1700’s and early 1800’s.
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the 9th century Baghdad became a center of intellectual activity in many ways comparable to
Alexandria. Arabic scholars3 translated many Greek and Hindu works, mastered the existing
knowledge and built upon it. The most important contribution of Arabic mathematics lies in
founding algebra - a revolutionary move away from Greek primarily geometric mathematics.

Spain was one of the bridges between the Islam and the Christian world. By the 12th century
European scholars interested in mathematics and science started visiting Spain and started working
on translating mathematical and scientific knowledge from Arabic to Latin. By the 13th century
there would be a new wave of mathematicians who wrote in Latin and who lived in Christian
Western Europe, primarily Italy. However, the Renaissance scholars were more concerned with
Arabic algebra and arithmetic than the translations of Greek geometry.

The attempts of Arabic and Renaissance mathematicians to resolve the issue of the Fifth Pos-
tulate were centered around quadrilaterals in which two opposite sides are congruent and perpen-
dicular to the third side, the so-called “base”.

The basic idea was to argue that the summit angles ∠ADC and ∠BAD, which are inherently con-
gruent, must be right. This was done by analyzing the three possible scenarios: the hypothesis
of the right angle, the hypothesis of the obtuse angle, and the hypothesis of
the acute angle. As you can probably tell, the three hypotheses correspond to the Euclidean,
spherical and hyperbolic geometry, respectively.

Food for thought : In Euclidean geometry we have that the summit AD is congruent to the

base BC. What do you think is the situation in the spherical geometry? Hyperbolic geometry?
Are these two line segments equally long or no?

Progress was made by late 1700’s when it became clear to a number of mathematicians (e.g.
German mathematician J. H. Lambert and French mathematician A. M. Legendre) that the issue
of the Fifth Postulate is highly related to the question of the angle sum of a triangle. For example,
Lambert proves that the hypothesis of an acute (resp. obtuse) angle leads to a geometry
in which the angle sum of a triangle is less (resp. more) than π. Lambert demonstrated that the
extent to which the angle-sum falls short of, or exceeds, π is proportional to the area of the
triangle. He then points out that spherical triangles have angle-sum more than π, and that the
area of a spherical triangle is proportional to the excess over π of its angle-sum! Lambert then
speculates that the hypothesis of an acute angle occurs on a novel surface such as a sphere of
imaginary radius. His speculation will be confirmed about a century later!

3The word “Arabic” is often used for convenience. Most of the scholars shared Islamic faith and Arabic language,
but scholars had different ethnic backgrounds.
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Resolution. It appears as if Carl Friedrich Gauss discovered many results of hyperbolic geometry,
but kept them private. This is evidenced by some of this letters from 1824 and 1829. In these
letters he admitted he feared “the howl from the Boeotians” if he were to publicly announce his
results. What Gauss may have had in mind was the incredible influence which Kant’s Critique
of Pure Reason had over intellectuals of his time. We will investigate Kant’s point of view in the
next section. For other details about Gauss’ letters please see Chapter 11 of [5].

Two mathematicians did have the courage to publicly announce their results. The first one is a
Hungarian mathematician János (Johann) Bolyai, the son of a mathematician Farkas (Wolfgang)
Bolyai who was a college friend of Gauss. Instead of trying to prove the Fifth Postulate (which
is what most of his predecessors did) János Bolyai developed a geometry based upon the logical
opposite of the Fifth Postulate. The year was 1829.

Gauss’ reaction to young Bolyai’s work was rather unfortunate. In a letter to Farkas Bolyai
Gauss wrote4 “If I begin with the statement that I dare not praise such a work, you will of course
be startled for a moment: but I cannot do otherwise; to praise it would amount to praising myself;
for the entire content of the work, the path which your son has taken, the results to which he is
led, coincide almost exactly with my own meditations which have occupied my mind for from thirty
to thirty-five years. He continued by explaining why he decided not to publicize his own findings
(“Most people have not the insight to understand our conclusions....”). In the letter Gauss did
express compliments to young Bolyai, but nevertheless János Bolyai got severely disappointed by
Gauss’ response. Following this episode with Gauss János Bolyai fell into a deep mental depression
from which his mathematical career never recovered.

The first mathematician to publicly present discoveries of phenomena of hyperbolic geometry5

is a Russian mathematician Nikolai Ivanovich Lobachevsky. He was a professor at University of
Kazan, Tatarstan, Russia where he in 1826 gave a lecture in which he presented results character-
istic of hyperbolic geometry. It is for this reason that 1826 is taken to be the unofficial birth-year of
hyperbolic geometry. The official birth-year is 1829 when Lobachevsky’s paper “On the Principles
of Geometry” appeared in Kazan Messenger (in Russian). Unlike Gauss and Bolyai, Lobachevsky
worked hard at publicizing his results. Gauss in private correspondences praised Lobachevsky’s
work, but never supported it in print. Unfortunately, Lobachevsky’s work did not receive full
recognition during his lifetime.

Kant’s philosophy of Space and Time. To fully appreciate just how revolutionary the dis-
coveries of hyperbolic geometry were, and – even more so – just how courageous the public an-
nouncements of these discoveries were, one needs to gain an insight into the intellectual climate of
late 1700’s and early 1800’s. Quite possibly the leading European intellectual of this era was the
Prussian philosopher Immanuel Kant. One of his most famous works, “Critique of Pure Reason”
(published in 1781), addresses the nature of mathematical statements and knowledge; because of
this Kant exerted a great deal of influence on mathematicians of his time. Kant’s writing can
be impenetrably dense at times, and the following overview of his thoughts is very simplified and
fails to present all the nuances of Kant’s point of view. My hope, however, is that you will get a
general impression of the environment in which the discoveries of hyperbolic geometry were made.

4See page 178 of [6].
5Actual words used by Lobachevsky were“imaginary geometry” and “pangeometry”.
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Philosophers of Kant’s time made a distinction between on one hand a priori and a pos-
teriori statements and, on the other hand, analytic and synthetic statements. A priori
statements are the statements of the following quality: their validity is independent of the external
world, our senses, experience and experiments. They are understood to be somewhat of a logical
necessity of consistent reasoning. As a contrast, the validity of a posteriori statements does
rely on experience. Analytic statements are those which say nothing more than what is already
contained in the very definition of the subject of the statement. In layman’s words, the validity of
analytic statements is by “duh”. On the other hand, synthetic statements go beyond what
is already in the definition of the subject and add new information. On some naive level there
is a correspondence between a priori and analytic statements; for example, think about the
sentence “2 is a number”. Likewise, to some extent there is a correspondence between a posteri-
ori and synthetic statements; for example, think about the sentence “The leaves of blueberry
bushes in non-acidic soil turn slightly red.” One of Kant’s big contributions is in pointing out that
such a division between statements still allows a priori synthetic statements. To establish his
position Kant considers examples of mathematical statements; this is where and why the whole
discussion becomes relevant to us.

In “Critique of Pure Reason” Kant encourages us to consider a statement such as “The angle
sum of every triangle is π”. If you think about it carefully you may be able to recognize that the
statement is actually synthetic. The reason for this is that the very definitions of “traingle”,
“angle”, “sum” do not contain the information that the angle sum of every triangle is (or is
not) π. To establish the truth of such a statement we therefore have to go beyond “traingle”,
“angle”, “sum”. In the cases of more easily recognizable synthetic judgments one goes beyond
the definitions of the subjects with help of some sort of (what Kant calls) “intuition”. The exact
meaning of the word “intuition” that Kant has in mind can be hard to pin down. In some cases it
is clear that “intuition” can be empirical intuition; for example, one could think of “two fingers”
as providing an intuition for “2” or “four fingers” as providing an intuition for “4”. However,
the mathematical statement of 2 + 2 = 4 has nothing to do with fingers per se. So, when we are
appealing to fingers as our intuition for numbers we are only partially using this intuition. We are
not fully appealing to all of the intuition, just an aspect of it. The aspect of the intuition we are
appealing to, according to Kant, is the form of intuition i.e. that which makes intuition what
it is. In particular, we are using that which is common to (or comes before) all intuitions. It is
for this reason that Kant claims that mathematical statements (such as 2 + 2 = 4) are a priori
statements.

What is more important to us is that Kant goes one step further and makes a more specific claim
about forms of intuition. In “Prolegomena” (Sec.10) Kant invites us to imagine what would
remain if one were to remove everything coming from the senses out of our empirical intuition (for
this would expose the form of intuition). The answer Kant advocates is that no particular
object can be revealed to our minds unless our minds first place it in Space and Time; thus, Space
and Time serve as forms of intuition. In particular, Space and Time have nothing to do with
physical experiences but have everything to do with our mind and intellect. Space and Time are
the a priori forms of intuition.

Let us look at what this is saying about geometry. It is not only saying that geometry, thought
of as “laws of space”, is already in the human mind but also that without this geometry one could
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not do any consistent reasoning. In particular, it is saying that there cannot be two or more
consistent geometries.

There was no question at the time whether Euclidean geometry was consistent. So when in a
letter to his father young János Bolyai writes

All I can say at present is that out of nothing I have created a strange new world,

János Bolyai is going directly against Kantian teachings and against the intellectual current of his
time. That requires an admirable amount of courage.

David Hilbert and the formalist mathematics. As you can imagine, the discoveries of hy-
perbolic geometry raised numerous philosophical questions regarding the nature of mathematical
inquiry. The most common answer to these questions, and the one that everybody who ma-
jors in mathematics learns, is that of David Hilbert’s formalism. This particular philosophy of
mathematics was developed at the turn of the 20th century.

The “folklore” of the mathematics community associates the following sentence with Hilbert’s
school of thought: “Mathematics is a game played according to certain simple rules with meaning-
less marks on paper”. Whether this statement actually goes back to David Hilbert is unclear, but
the influence of this type of thinking on the Mathematics of 20th century is very clear. After all,
this take on Mathematics is what ultimately lead to the development of computer science. One
of the big mysteries of Mathematics is how exactly something that is “meaningless” manages to
say anything useful about the “real world”. Overall, there are some very important philosophical
differences between Euclid’s Elements and Hilbert’s Grundlagen, but as a beginner in this subject
you can view Grundlagen as the major step towards perfecting the Elements.

From Descartes to Riemann. It is a little too easy to end the story of geometry at Hilbert’s
Grundlagen and portray it as a happy-ending. It has become apparent that the axiomatic ap-
proaches of Euclid’s Elements and Hilbert’s Grundlagen are not the most optimal vehicle for
studying the geometry of our physical universe. The methods which are more successful at meet-
ing this goal have their root in René Descartes’ “Discours de la méthode pour bien conduire sa
raison et chercher la vérité dans les sciences” (“Discourse on the Method of Reasoning Well and
Seeking Truth in the Sciences”, published in 1637). In one of the appendices to this book, namely
“La Géométrie”, Descartes presents a method of dealing with problems involving curves (such as
ellipse, hyperbola, parabola) based on algebra. Using algebra Descartes was able to express the
locations of points on these curves by means of two variables, x and y, which he showed obeyed
certain equations. The coordinates you have seen under the name “Cartesian coordinates” are
not included in “La Géometrié” per se, but they are named in Descartes honor because it was
through this work that humanity realized the power of describing positions of points using tuples
of numbers. As you all know, having positions described through tuples of numbers is helpful to do
measurements, which are central to geoMETRY. The bottom line is that Descartes’ use of coordi-
nate systems, equations and algebra in Euclidean geometry paved the way for the mathematicians
of 19th century who studied curved surfaces embedded in E3 using methods of calculus.

A magnificent example of such a work is C. F. Gauss’ “Disquisitiones generales circa superficies
curvas” from 1828. Prior to Gauss’ time the concept of curvature of a surface was only understood
from an extrinsic standpoint. Gauss’s Theorema Egregium (which appears in “Disquisitiones..”)
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goes one step beyond and identifies a calculus based formula (with more than a dozen terms) for
the curvature which is effectively the same as our formula

k(P ) = lim
∆→P

(α + β + γ) − π

A
.

As we discussed in class, the latter concept of curvature is intrinsic. In other words, Gauss’
work shifted the emphasis from the extrinsic to the intrinsic geometry of a surface.

The next step was taken by Bernhard Riemann in 1854. In his lecture “Über die Hypothesen
welche der Geometrie zu Grunde liegen” (“On Hypotheses Which Lie at the Foundation of Geom-
etry”) Riemann discussed how the notions from Gauss’ work, such as curvature, can be applied
to the space itself. His perspective also relied on the calculus and coordinate geometry methods,
but it encompassed both Euclidean and non-Euclidean three (or higher) dimensional spaces. It
is this approach that dominates the most active research areas of modern day geometry. What
is dearest to my heart is the use of Riemann’s methods in General Relativity, a field of physics
which models gravity using the notion of curvature from Riemannian geometry. For this reason
we will end the course with an exploration of ideas of Riemannian geometry and its applications
to Relativity.
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Appendix A. Euclid’s Elements

Euclid begins his books with Definitions in which he introduces (to us) the objects he studies
or, if you will, the characters of his story. Here is literally how Book I of the Elements begins. 6

1. A point is that of which there is no part.
2. And a line is a length without breadth.
...
4. A straight-line is (any) one which lies evenly with points on itself.
...
15. A circle is a plane figure contained by a single line [which is called a circum-
ference], (such that) all of the straight-lines radiating towards [the circumference]
from one point amongst those lying inside the figure are equal to one another.
...

After many definitions, Euclid spells out his Postulates. Here are two of Euclid’s five postulates.

1. Let it have been postulated to draw a straight-line from any point to any point.
...
3. And to draw a circle with any center and radius.
...

In addition to the five postulates Euclid states five Common Notions, which – to keep things
simple – you should really think about as additional five postulates.

1. Things equal to the same thing are also equal to one another.
...

Think of Postulates and Common Notions as some sort of guiding principles. The analogy I am
about to make is not perfect, but you may find it useful. The Declaration of Independence contains
the following words.

We hold these truths to be self-evident, that all men are created equal, that they
are endowed by their Creator with certain unalienable Rights, that among these
are Life, Liberty and the pursuit of Happiness.

In a sense, the Declaration of Independence is spelling out the following two Postulates.

1. All men are created equal.
2. All men are endowed by their Creator with certain unalienable Rights among
which are Life, Liberty and the pursuit of Happiness.

The Definitions Euclid lays down at the very beginning serve the purpose of clarifying what exactly
is meant under various words. (E.g. what exactly is meant under “all men”??) In any case, just
as “Postulates” of the Declaration of Independence have their consequences the mathematicians

6All the quotes here come from [2] although you can also consult [3] for further details.



10 MATH 103, FALL 2013: READING FOR DAY 13

have Theorems. Here is Euclid’s first Theorem, or – as he calls it – Proposition.

To construct an equilateral triangle on a given finite straight-line.

Let AB be the given finite straight-line.
So it is required to construct an equilateral triangle on the straight-line AB.
Let the circle BCD with center A and radius AB have been drawn [Post. 3], and
again let the circle ACE with center B and radius BA have been drawn [Post. 3].
And let the straight-lines CA and CB have been joined from the point C, where
the circles cut one another, to the points A and B (respectively) [Post. 1].
And since the point A is the center of the circle CDB, AC is equal to AB [Def.
1.15]. Again, since the point B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But CA was also shown (to be) equal to AB. Thus, CA and CB are
each equal to AB. But things equal to the same thing are also equal to one another
[C.N. 1]. Thus, CA is also equal to CB. Thus, the three (straight- lines) CA, AB,
and BC are equal to one another.
Thus, the triangle ABC is equilateral, and has been constructed on the given finite
straight-line AB. (Which is) the very thing it was required to do.

Nowadays we would say that Euclid provided a proof of his statement that, in modern words,
there exists an equilateral triangle having a given line segment as its side. What does this word
“proof” even mean? It means that Euclid backed-up his statement with a line of logical reasoning
which is based solely on previously established statements (in his case, Postulates and Common
Notions) and deductive reasoning. It is almost as if Euclid is in a dialogue with us, convincing
us using some sort of most pure rational thinking that his statement is true. He is showing us
why the moment we accept his Definitions, Postulates and Common Notions as true (and they
are strategically chosen to be very simple, “self-evident” statements which we have no choice but
accept as true) we have no choice but also accept his first Proposition as true. In a sense, Euclid
is playing the role of a lawyer in a geometry courtroom in which all statements are guilty of being
false until proven true.


