
MATH 103, FALL 2013: READING FOR DAY 10

Curvature of the sphere and the hyperbolic plane

Last time we discussed the fact that the extent to which the angle sum of triangle is bigger that π is
proportional to the triangle’s area, with the proportionality factor measuring the curvature of the geometry.
In other words, the following formula measures the curvature of spherical and hyperbolic geometries:

k =
(α+ β + γ) − π

A
,

where α, β, γ denote the angles of a triangle while A denotes its area. In the case of a sphere of radius R
the value of k is simply

k = 1
R2 ,

while in the case of a hyperbolic plane the value of k is negative. When it comes to the behavior of circles,
their circumferences and their enclosed areas, the positive curvature is indicative of circumferences / areas
being smaller than they are in the Euclidean plane; negative curvature is indicative of the circumferences
/ areas being bigger than they are in the Euclidean plane. Figures 9.8 and 10.4 in your textbook provide
ways of visualizing the words “positive curvature” and “negative curvature”.

Curvature as a feature of local geometry

When we first introduced the concept of homogeneous vs inhomogeneous geometries we utilized com-
parisons between – on one hand – spheres and on the other hand: shapes such as the American football.
Both shapes where topological spheres but we agreed that their geometries were different. One of the
observations we made is that the American football is not curved evenly; that it is more pointy at some
places than it is at others. Another way to articulate this observation is to say that the football is more
curved at some places than it is at others.

The point here is that curvature should be understood as a local geometric concept. When dealing
with inhomogeneous manifolds the value of curvature will change from point to point.

Food for thought: Consider the following inhomogeneous geometry, and the indicated circles. In
your opinion, which circles will have the circumference of more than 2π times their radius? Which circles
will have the circumference of less than 2π times their radius?

Food for thought: In which regions of the above geometry do you think we have positive curvature?
In which regions of the above geometry do you think we have negative curvature?

When working with inhomogeneous geometries, and when deciding which region has which kind of
curvature one needs to make sure one is working in sufficiently small neighborhoods.
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Food for thought: Consider the following two geometries. Note that the local geometries near
points labeled as P are identical. Consider the circumferences of indicated circles centered at P ; their
radii are meant to correspond to one another. Which of the corresponding circles do you think has bigger
circumference?

The lesson we learn from the consideration of the above pictures is that each and every point in the
interior of the circle makes an indirect contribution towards the circumference of the circle. In other
words, if curvature is understood to be an indicator of the failure of the circumferences of circles of
radius r to be exactly 2πr then the curvature of a geometry at a point P is to be understood in terms
of extremely small circles centered at a point P . If one could take them to be infinitely small that would
be ideal. It is only by considering such extremely small circles centered at P that one is able to avoid
inevitable uneven-ness of geometry.

Likewise, if one is to measure curvature via the formula (α+β+γ)−π
A then in order to compute curvature

right at a point P one ought to consider a super small triangle around P . In fact, the smaller the triangle

the more accurately the formula (α+β+γ)−π
A expresses the curvature at its center. If one could take this

triangle to be infinitely small that would be ideal.

Those students with a tiny bit of calculus background must have recognized that the above discussion
is related to the concept of the limit. The actual definition of curvature k of a geometry at a point P is

k(P ) = lim
∆→P

(α+ β + γ) − π

A
,

where α, β, γ denote the angles and A denotes the area of the triangle ∆. All this lim
∆→P

notation in

practice means is that one should consider the trend amongst the ratios (α+β+γ)−π
A as the triangle ∆

shrinks to P .
Overall, when dealing with inhomogeneous geometries curvature is to be understood as a function of

the location. The rule for this function is given by the limit formula from the above.


